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International Conference on Analysis and Applied Mathematics (ICAAM) aims to bring
mathematicians working in the area of analysis and applied mathematics together to share
new trends of applications of mathematics. In mathematics, the developments in the field
of applied mathematics open new research areas in analysis and vice versa. That is why we
planned the conference series to provide a forum for researchers and scientists to communicate
their recent developments and present their original results in various fields of analysis and
applied mathematics.

The Organizing Committee of ICAAM, Bahcesehir University, Tiirkiye, Institute of Mathe-
matics and Mathematical Modelling, Kazakhstan, and Analysis PDE Center, Ghent Univer-
sity, Belgium are pleased to invite you to the Seventh International Conference on Analysis
and Applied Mathematics, ICAAM 2026. The meeting will be held from September 26 to
October, 2026, in Antalya, Tirkiye.

The conference is organized biannually.

Previous conferences were held in Gumushane, Tirkiye in 2012,

Shymkent, Kazakhstan in 2014,

Almaty, Kazakhstan in 2016,

Lefkosa (Nicosia), Mersin 10, Tiirkiye in 2018,

Girne (Kyrenia), Mersin 10, Tiirkiye in 2020,

Antalya, Tirkiye in 2024,

Antalya, Tiirkiye in 2026.

We are pleased to invite you to the eighth conference which is focused on various topics of
analysis and its applications, applied mathematics, and modeling.

The conference will consist of plenary lectures, mini symposiums, and contributed oral pre-
sentations.

All proceedings of ICAAM (2012-2022) were published in AIP (American Institute of Physics)
Conference Proceedings.

Selected full papers from this conference will be published in peer-reviewed journals.

We are looking forward to welcoming you to Antalya, Tirkiye.

Webpage: http://icaam-online.org
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Bahcesehir University, Tirkiye, Institute of Mathematics and
Mathematical Modeling, Kazakhstan, Ghent University, Belgium
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Conference Sections and Minisymposiums :
e General Section

e Minisymposium MS1: Functional analysis in interdisciplinary applica-
tions

e Minisymposium MS2: Applied Statistics and Data Analysis

e Minisymposium MS3: Biomedical Signal Processing

Invited Speakers

e Prof. Dr. Virginia Kiryakova Institute of Mathematics and Informatics,
Bulgaria
Title: Title: Generalized fractional integrals related to Le Roy-, Feinman
integrals- and Rathie I- generalized hypergeometric functions

e Prof. Dr. Ljubisa D.R. Kocinac University of Nis, Serbia
Title: Title: On sequential Karamata theory

e Prof. Dr. Alexander L. Skubachevskii Peoples’ Friendship University of
Russia, Russia Title:Title: Global solutions of the Cauchy problem for
the Vlasov-Poisson system and plasma confinement

e Prof. Dr. Andrey Muravnik Peoples’ Friendship University of Russia,
Russia Title: Title: Series expansions of solutions of initial-value prob-
lems for hyperbolic differential-difference equations: computational as-
pects

e Prof. Alexey Karapetyants, Institute of Mathematics, Mechanic and
Com- puter Sciences, Russia Southern Federal University, Russian Fed-
eration
Title: Aggrandization of spaces of holomorphic functions

e Prof. Dr. Alexander Meskhi Kutaisi International University, Georgia,
TSU A. Razmadze Mathematical Institute, Georgia Title: Title: Multi-
linear Rellich and Hardy inequalities

e Prof. Dr. Bilal Bilalov Yildiz Technical University, Turkiye; Institute of
Mathematics, Ministry of Science and Education of the Republic of Azer-
baijan; Azerbaijan University of Architecture and Construction, Azer-
baijan Title: Title: On Applications of the Concept of ®-Basis in Ap-
proximation Theory and Partial Differential Equations

e Prof. Dr. Nedyu Popivanov Sofia University, Bulgaria Title: Title: Po-
hozhaev Identities and Applications for Mized Type Equations
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Foreword
Allaberen Ashyralyev!, Michael Ruzhansky?, Makhmud A. Sadybekov 2
L Bahcesehir University, Istanbul, Tirkiye
2 Analysis PDE Center, Ghent University, Belgium

3 Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
allaberen.ashyralyev@bau.edu.tr

Dear Esteemed Guests and Participants,

On behalf of the Organizing Committee for the 7th International Conference on Analysis
and Applied Mathematics (ICAAM 2024), we extend a warm welcome to you all. It is a
pleasure to have you here in Antalya for this significant event.

We sincerely appreciate the diverse group of scholars and practitioners who have traveled
from various countries and cities to join us. Your interest and participation are vital to the
success of this conference.

The ICAAM conference serves as a premier platform for mathematicians engaged in anal-
ysis and applied mathematics to converge, exchange insights, and explore new trends. The
interplay between applied mathematics and analysis fosters innovative research and opens new
avenues for exploration. This conference aims to facilitate the exchange of recent advance-
ments and original contributions across these dynamic fields.

Our previous ICAAM conferences have been hosted in Turkiye (2012, 2022,2024), Kaza-
khstan (2014, 2016), and Northern Cyprus (2018, 2020). We are thrilled to welcome you back
to Turkiye for this year’s event. This year, we are honored to host 214 mathematicians from
21 different countries. The proceedings from past ICAAM conferences (2012-2024) were pub-
lished in seven volumes by the American Institute of Physics (AIP) Conference Proceedings
and are indexed in the Scopus database. Selected papers have also been featured in special
issues of renowned journals such as Filomat, Boundary Value Problems, Numerical Functional
Analysis and Optimization, International Journal of Applied Mathematics, and the Bulletin
of the Karaganda University-Mathematics. ICAAM 2026 is organized by:

e Bahgegehir University, Turkiye
o Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
e Analysis PDE Center, Ghent University, Belgium

We are delighted to continue our collaboration with these esteemed institutions. Our joint
efforts include:

o Weekly “Analysis and Applied Mathematics” seminars, both in-person and online.
e The international journal “e-Journal of Analysis and Applied Mathematics.”

These seminars have fostered global collaboration and knowledge sharing, with 97 success-
ful sessions held since their inception in 2022-2026. Most of these sessions are available on
YouTube, and a recent Springer publication features extended abstracts from these seminars,
highlighting contributions from over 20 countries.

This five-day conference features 7 plenary lectures and 80 presentations, covering a broad
spectrum of topics in analysis and applied mathematics. Highlights of ICAAM 2026 include:

227 participants from 20 countries.

An Abstract Book for ICAAM 2026.

Extended abstracts to be published in AIP Conference Proceedings.

Selected full papers to be featured in special issues of journals such as Bulletin of
the Karaganda University-Mathematics, Journal of Mathematical Sciences (SERIES
A), and the e-Journal of Analysis and Applied Mathematics.

‘We believe your participation will greatly enhance the value of this conference, and we are
committed to making your experience enriching and enjoyable. Should you need any assis-
tance, please do not hesitate to contact us. Our heartfelt thanks go to:  The Scientific
Committee of ICAAM 2026 for their invaluable support. The distinguished speakers for
their contributions and keynote addresses. Special acknowledgment to Abdullah S. Erdo-
gan, Charyyar Ashyralyyev, Deniz Agirseven, Maksat Ashyraliyev, Yildirim ézdemir, Ozgﬁr
Yildirim, Kheireddine Belakroum, Ramil Salimov, and Akmuhammet Ashyralyyev for their
invaluable assistance. We also extend our gratitude to the leadership of Bahg¢esehir University,
Istanbul; Institute of Mathematics and Mathematical Modeling, Almaty; and Analysis PDE
Center, Ghent University for their support and sponsorship. Thank you once again for joining
us and contributing to the success of ICAAM 2026. We look forward to a stimulating and
productive conference.

Warm regards,

CHAIRS

Bahcesehir University, Tirkiye, Institute of Mathematics and
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Generalized fractional integrals related to Le Roy-,
Feinman integrals- and Rathie /-
generalized hypergeometric functions

Virginia Kiryakova
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
virginia.kiryakova@gmail.com

Abstract: Till recently, the operators of Generalized Fractional Calculus (GFC) ( [1])
with the Fox H- and Meijer G-functions as singular kernels have been considered as the most
general case of integrations and differentiations of fractional orders and multi-orders. The H-
function (as an extension of the G-function) is a generalized hypergeometric function including
practically almost all Special Functions (SF) related to classical Calculus and to Fractional
Calculus (FC). However, it happened that still there are important classes of SF that cannot
be represented in terms of the H-functions, like the polylogarithms, Riemann Zeta-function,
Feynman integrals, Le Roy function and their recent multi-index versions, appearing in models
in statistical physics and probability, see [2]. That is why, the not popular I-function of Rathie
has attracted our attention as a far extension of the H-function, since it encompasses also
these mentioned classes of SF. Now, we introduce GFC operators with I-functions as singular
kernels: analogues of the Erdélyi-Kober fractional integrals |3], and then generalized fractional
integrals [4] extending these with H- and G-functions from [1]. It is proved that all the basic
axioms of FC are satisfied, and important examples and relations to new classes of SF follow,
some of them appearing as eigenfunctions for the new GFC operators.

Keywords: generalized fractional calculus, Erdélyi-Kober fractional integrals, special func-
tions: I -, H-, G-, Mittag-Leffler and Le Roy type-functions

2020 Mathematics Subject Classification: 26A33, 33E20, 33E12, 30D20, 30D15, 34L10
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On sequential Karamata theory
Ljubisa D. R. Kocinac
Faculty of Sciuences and Mathematiucs, University of Nis, Serbia

lkocinac@gmail.com

Abstract: We present some recent results on Karamata theory of regular variation of
sequences of positive real numbers. The results concern the so-called index function and its
relation to fixed point theory [1], and connections between sequential Karamata theory and
statistical convergence [2].

Keywords: Regular variation, translational regular variation, index function, statistical con-
vergence
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A priori estimates of solutions for the Vlasov—Poisson
system and plasma confinement
Alexander L. Skubachevskii

RUDN University, Russian Federation

alskubachevskii@Qyandex.ru

Abstract: This lecture is devoted to the second mixed problem for the Vlasov—Poisson
system with external magnetic fielf in a half-space. The above problem models the kinetics of
the high temperature plasma in a fusion reactor. If plasma reaches a boundary of the domain,
it can lead to the destruction of the reactor. Therefore we study solutions of the above
mentioned mixed problem such that the supports of density distribution functions for charged
particles are located strictly inside domain. For this purpose we use an external magnetic
field. We prove existence of global classical solution and obtain a priori estimate for electric
field strength. This estimate allows to obtain sufficient conditions for external magnetic field
in algebraic form, which garantee that the supports of density distribution functions are lying
at a given distance from a boundary [1, 2].

This research was sponsored by the Ministry of Science and Higher Education of the
Russian Federation (Megagrant, No. 075-15-2022-1115).

Keywords: a priori estimates, Vlasov—Poisson system, plasma confinement
2020 Mathematics Subject Classification: 35Q83, 35M32
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Hyperbolic equations with differential-difference
operators with respect to spatial variables: case of symbols
with alternating real parts

Andrey Muravnik

RUDN University, Russian Federation

muravnik-ab@rudn.ru

Abstract: This report is devoted to multidimensional hyperbolic differential-difference
equations of the kind
U _ py (¢ + h,t)
— = Au+ au(z 1),
ot?

where a is a real parameter and h := (h1, ..., hy) is a vector parameter.
We explicitly construct a three-parameter family of its infinitely smooth global solutions.

The fundamental novelty (cf. [1] and references therein) is that the real part of the symbol
of the differential-difference operator (with respect to the spatial independent variables) of
the investigated equation is allowed to change its sign.

This research was carried out at the expense of a grant of the Russian Science Foundation
No. 24-11-00073.

Keywords: Hyperbolic equations, differential-difference operators, smooth solutions, global
solutions
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Pohozhaev identities and applications
for mixed type equations

Nedyu Popivanov

Institute of Information and Communication Technologies, Bulgarian Academy of
Sciences, Bulgaria, and

Faculty of Mathematics and Informatics, Sofia University, Bulgaria

nedyu@fmi.uni-sofia.bg

Joint work with Daniela Lupo (Italy), Kevin Payne (USA, Italy), Lubomir Dechevski (Norway)
and Evgeny Moiseev (Russia)

Abstract: Beginning from the seminal Pohodzaev paper (1965), the Pohodzaev Identities,
first developed for the Dirichlet problem for elliptic quasilinear equations, have been extended
to study many cases for different PDE classes of equations, even for some fractional PDE’s.
One of reasons is that, for example, from the Pohodzaev identities in the case of supercritical
power follows very fast the nonexistence of nontrivial solutions in so called “starshaped do-
mains”. Also, in the opposite case of subcritical power (especially for elliptic equations) there
exist some nontrivial solutions, look for example the remarkable results of Brezis-Nirenberg
(1983) (for the history of the area see the very new book [1]).

The present talk will focus on the extension of Pohodzaev approach in the last 25 years
to the study its applications for mixed elliptic-hyperbolic quasilinear equations. This study
began from the series of results of Lupo - Payne, where using some symmetries in the linear
homogeneous case, the dilation invariance law is strongly related to certain Pohodzaev type
identities that give examples of critical exponent phenomena. Let mention here some BVP,
in the linear case with Tricomi equation, Gellerstedt equation, Grushin equation, or in the
last few years with the operator L := y™1 651, + ™2 6511 , in some appropriated “starshaped
domain”, connecting with the linear case statements.

In the present talk we will fix and discuss two possible interesting questions:

(1) What happen with “existence of nontrivial solutions” in this area? First of all, as
a big difference with the elliptic case, we must look in this situation not in the
class of classical smooth solutions, but in some special functional weight class of
“generalized solutions”. And the first question is to find such class of “generalized
solutions”, connecting the cases of existence and nonexistence in both respectively
super and sub power situations (for example see our paper [2] in the 2D case of
Goursat problem for a degenerated hyperbolic equation).

(2) This is the reason why in the present talk we will give some examples of nonexistence
of nontrivial solutions in supercritical and critical cases not only for the classical
smooth solutions, but in the class of generalized solutions also. Some open problems
will be formulated and discussed.

(3) Also, to fix how different the situation sometimes is, we explain a very old clas-
sical Guderley-Morawetz problem for mixed-type hyperbolic-elliptic equations on
the plane that models transonic flows in fluid dynamics. It has been studied by
Morawetz, Lax and Phillips and going later to some multidimensional BVP, namely
Protter-Morawetz problems, where the situation is quite different than on the plane.
In the last case using the Pohodzaev identities we proved nonexistence results (in the
supercritical and critical cases) but for classical solutions only. Let mention also that
in the linear situation, the Protter-Morawetz problem is strongly overdetermined for
the classical solvability. Alternatively, the notion of generalized solutions that may
have singularities was introduced. Looking for some appropriated class of gener-
alized singular solutions, we found (see [3]) that even for the usual wave equation
in the Protter-Morawetz domain (the Protter statement is including this case also)
we constructed an infinity smooth right-hand side function, for which the uniquely
determined generalized solution has an exponential growth at the only one point of
singularity. The singularity is isolated at the vertex of the boundary characteristic
light cone and does not propagate along the cone.

Keywords: Pohozhaev identities, power nonlinearity, a semi-Fredholm operator, critical ex-
s s )
ponent, supercritical cases, nonexistence of nontrivial solutions
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A class of polynomial differential systems with an unique
algebraic limit cycle
Rachid Boukoucha

Laboratory of Applied Mathematics, University of Bejaia, 06000 Bejaia, Algeria.
E-mail adress: rachid_boukecha@yahoo.fr or rachid_boukecha@yahoo.fr

Abstract: In this report we consider a multi-parameter family of polynomial differential
systems of the form

' =Bz + (4,33)\x3 + by + 4B3)\zy? + ay3) +

662z (Amz + Ay2)2 + 4Bz ()\a:2 + )\yZ)‘5 + ()\12 + )\yz)4 ,
(1)

y = By + (—ba® + 48° A2’y — axy® +4B8°My%) +

662y (Ae? + Ay?)? + 48y (A2 + Ay?)° +y (A2 + ay?)?,
where a, b, B, X are real constants. We prove that these systems are integrable and determine
the explicit expression of their first integral. Moreover, we explicitly determine an algebraic
limit cycle of the system, concrete examples are presented to illustrate the applicability of our
results.

Keywords: Planar polynomial differential system, First integral, Algebraic limit cycle.
2020 Mathematics Subject Classification: 34A05, 34C05, 34CO7, 34C25.
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Modeling Tumor-Immune Dynamics: Synergistic
Combination Treatment and the Role of Dynamic PD-L1
Regulation

Bruce Pell !, Aigerim Kalizhanova?, Aisha Tursynkozha?’, Denise Dengi4, Ardak
Kashkynbayev?, Yang Kuang 5

Y Lawrence Technological University, Southfield, USA
2 Nazarbayev University, Astana, Kazakhstan
3 Astana IT University, Astana, Kazakhstan
4 University of California, Berkeley, USA
5 Arizona State University, Tempe, USA

atgerim.kalizhanova@nu.edu.kz

Abstract: The efficacy of cancer immunotherapies, particularly immune checkpoint in-
hibitors (ICIs), is often hindered by adaptive immune resistance mediated by the PD-1/PD-L1
pathway. Combination therapies, such as pairing an ICI with a potent immunostimulant, rep-
resent a promising strategy to overcome this challenge. Foundational models of single-agent
and combination (Avelumab/NHS-mulL12) immunotherapies, while capturing key dynamics,
fail to reproduce complex preclinical data like non-monotonic tumor responses.

The main focus of this talk is the introduction of a refined model that addresses this gap by
treating PD-L1 expression as a dynamic variable. This variable accounts for basal production,
activation by immunostimulants, and suppression by anti-PD-L1 drugs. We will show how
this refined model, with a single set of parameters, successfully reproduces the experimental
data across all six treatment arms including monotherapies and combinations. This approach
provides a robust, mechanistic explanation for both dose-dependent treatment failure (driven
by adaptive PD-L1 upregulation) and therapeutic synergy. We will discuss the systematic
development of the model and simulation results, alongside a rigorous mathematical analysis
of the generic and full models focusing on the existence, uniqueness, and local asymptotic
stability of tumor-free and tumorous equilibria [1].

Keywords: cancer immunotherapy; differential equations; PD-L1; adaptive immune re-
sponse; mathematical modeling; immunostimulant.
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Mathematical modeling of heat transfer in hollow
building blocks with internal partitions

Igor Miroshnichenko, Nadezhda Bondareva, Azamat Safiullin
Tomsk State University, Russia

miroshnichenko@mail.tsu.ru

Abstract: The work examines mathematical modeling of heat transfer in hollow building
blocks with internal partitions. The installation of internal partitions suppresses large-scale
convective flows and reduces radiative transfer, resulting in a reduction in overall heat flux
by tens of percent.

The authors’ own numerical results obtained using computational fluid dynamics meth-
ods for various block configurations, including those with vertical and inclined partitions and
low-emission coatings, will be presented. The influence of geometric parameters (height, ori-
entation, number of partitions) on the flow structure, temperature fields and effective thermal
conductivity is shown. Furthermore, the work presents a critical review of current research
in this area, including experimental and numerical studies. Special attention is given to a
comparative analysis of various methods for increasing the thermal resistance of blocks and
identifying the most promising configurations [1-4]. The results can be used in the design of
energy-efficient wall materials.

This work was supported by the Russian Science Foundation (Project No. 25-79-10293).

Keywords: Mathematical modeling, hollow building blocks, boundary conditions, convec-
tion, radiation, conduction
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A deterministic approach to global optimization
based on an auxiliary function

Zhailan Salavatovna Tutkusheval
L K. Zhubanov Aktobe Regional Univerity, Kazakhstan

zhailan_-k@mail.ru

Abstract: This report is devoted to a deterministic method for the global optimization
of a multimodal objective function in many variables, based on a special auxiliary function.

The auxiliary function is constructed via an integral transformation of the objective func-
tion F(z) and is a function of a single variable o € R:

gm(F,a):/E(|F(m)fa|7(F(x)7o¢))m dx, m €N, m > 1.

The function g,, (F, «) possesses several important properties, including continuity, dif-
ferentiability, convexity, monotonicity, and others. These properties, together with its de-
pendence on only one variable, make the auxiliary function an effective and unique tool for
solving global optimization problems.

In this work, based on the properties of the function g, (F, a) previously established by
the authors [1-2], necessary and sufficient conditions for the existence of a global minimum
of the function F'(z) are obtained. It is shown that the value of the global minimum of the
objective function coincides with the upper bound of the zeros of the auxiliary function. Thus,
the problem of finding the global minimum of the original objective function is reduced to the
problem of finding the largest zero of the auxiliary function.

In addition to various multimodal functions of many variables, the objective function
may also represent loss functions arising in machine learning problems, as well as functions
describing economic, physical, and other processes. The main requirement imposed on the
objective function is continuity.

Using the proposed method, the problem of minimizing the loss function of a nonlinear
regression model and recovering its parameters is solved. A complete algorithm for finding the
global minimum of the loss function is proposed, and its numerical implementation is carried
out with recovery of the model parameters to a prescribed accuracy.

Keywords: Global optimization, nonlinear regression, loss function, auxiliary function, de-
terministic methods.
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Very weak well-posedness of parabolic equations with
singular coefficients and inhomogeneous Dirichlet data

Michael Ruzhansky', Alibek Yeskermessuly?
1 Ghent University, Belgium and
Queen Mary University of London, United Kingdom

michael. ruzhansky Qugent.be
2 Altynsarin University, Kazakhstan

alibek.yeskermessuly@gmail.com

Abstract: We study the very weak well-posedness of the initial-boundary value problem
for the parabolic equation

Opu(t, ) — V - (A(t, z)Vu(t,x)) + b(t, z) - Vu(t, z) + V(2)u(t, ) = f(t,z),
(t,z) € (0,T) x Q,

w(0,z) = uo(z), =z € Q,

u(t,z) = g(t,z), (t,z) € (0,T) x 99,

where the diffusion matrix A, drift term b, potential V, source term f, initial datum wug,
and boundary datum g may have singularities of distributional type. In the regular case,
we first establish existence, uniqueness, and a priori estimates for weak solutions under non-
homogeneous Dirichlet boundary conditions. We then introduce a very weak solution frame-
work based on regularisation of the coefficients and data. Under suitable distributional ellip-
ticity of A and non-negativity of V', we prove existence and uniqueness of very weak solutions.
Finally, we show consistency with the classical theory: when the coefficients and data are
regular, representatives of the very weak solution converge to the unique weak solution in the
natural energy norm.

Keywords: parabolic equation, divergence form, shift term, energy methods, Galerkin ap-
proximation, singular coefficients, regularisation, very weak solution
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Solution of a nonlocal problem for the heat equation
using the potential method
Umbetkul Koilyshov!, Kulnar Beisenbayeva?
Y Institute of Mathematics and Mathematical Modeling, Kazakhstan, and
Al-Farabi Kazakh National University, Kazakhstan

koylyshov@math.kz
2 Academy of Logistics and Transport, Kazakhstan

beisenbaeva@mail.ru

Abstract: One nonlocal problem for the heat equation is considered
(1) L(u) = ut —Uge =0 4n domain Q={(z,t):0<z<Il, 0<t<T}
with initial conditions

(2) uw(z,0) = f(z), 0<az<lI

boundary conditions of the form

a1u(0,t) + azu(l, t) = @(t),
biugs (0,t) 4+ baug (1, t) = 9(t),

the coefficients a;, b; (¢ = 1,2)— real numbers.

(3)

Using the potential method, problem (1)-(3) is reduced to Volterra integral equations. The
solution of the Volterra integral equation was found and the solvability of the stated problem

(1)-(3) was investigated.

Acknowledgments: This research is funded by the Science Committee of the Ministry of

Science and Higher Education of the Republic of Kazakhstan (Grant No. BR31714735 )

Keywords: heat equation, nonlocal problems, potential method, integral equations, solvabil-

ity conditions
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Solution of forward and inverse problems for the
convection-diffusion-reaction equation using neural
networks
Ainur Kabulova®
L' D. Serikbayev East Kazakhstan Technical University, Kazakhstan

Ainurkabulova7@gmail.com

Abstract: This paper considers forward and inverse problems for a two-dimensional
convection—diffusion-reaction equation describing the propagation of harmful aerosol sub-
stances in the atmosphere. The mathematical model takes into account diffusion processes,
convective transport by airflow, chemical reactions, and localized pollution sources represented
by delta functions. The Physics-Informed Neural Networks (PINN) approach is applied for
solving the considered problems.

The computational domain is defined as
(1) Q=(0,1) x (0,1) x (0,T),

and the governing equation is given by

(2) Opq

a1 +V (Weq) = Apg + agpq + Bg + fq(2,9),

where w = (u,¥) is the airflow velocity vector, ¢q(z,¥y,t) denotes the aerosol concentra-
tion, oy and B, are reaction coefficients, and fq(x,y) describes pollution sources.

The pollution sources are represented as a superposition of delta functions:
m
(3) fa=2_Q;é(r —r)),
j=1

where @Q; is the source intensity and r; denotes the source location.
The initial concentration distribution is defined by

Qj (x—=2)*+(y—y;)?
exp | — .
2/po i

(4) vo(w,y) =

In the forward problem, the concentration distribution is determined from known initial
and boundary conditions. In the inverse problem, unknown model parameters such as source
intensities, diffusion coefficients, or reaction parameters are reconstructed using observational
concentration data.

Within the PINN framework, the solution is approximated by a neural network g (z, y, t),
where 6 denotes trainable parameters. The loss functional is defined as

(5) L=Lppr+ Lic+ Lec + Ldata-

Here Lpppg enforces the governing equation, Lr¢c corresponds to the initial condition,
Lpc represents the boundary conditions, and L£g44¢, minimizes the discrepancy between ob-
servational data and neural network predictions.

Numerical experiments demonstrate that the PINN method provides stable and accurate
approximations without constructing computational meshes. The proposed approach effec-
tively solves both forward and inverse problems and can be applied to atmospheric pollution
modeling and other multidimensional problems of mathematical physics.

Keywords: convection—diffusion equation, PINN, neural networks, forward problem, inverse
problem, atmospheric pollution, deep learning.

2020 Mathematics Subject Classification: 35K57, 35R30, 65M99, 68T07.

References:

[1] M. Raissi, P. Perdikaris, G.E. Karniadakis, Physics-informed neural networks: A
deep learning framework for solving forward and inverse problems involving nonlinear
partial differential equations, Journal of Computational Physics, 378 (2019), 686—
707.

[2] G.E. Karniadakis, I.G. Kevrekidis, L. Lu, et al., Physics-informed machine learning,
Nature Reviews Physics, 3 (2021), 422-440.

Bahcesehir University, Tirkiye, Institute of Mathematics and
Mathematical Modeling, Kazakhstan, Ghent University, Belgium



8th International Conference on Analysis and Applied Mathematics 31
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Abstract:

In this paper, we make a new framework for statistical convergence by using ideals and
introduce new notions, namely, I-statistical convergence and I-lacunary statistical conver-
gence in Partial Metric spaces and mainly investigate their relationship and also make some
observations about these classes

Keywords: Ideal, filter, I-statistical convergence, I-lacunary statistical convergence, partial
metric space.
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Abstract: Let @ = {(z,y): 0 <z <1, 0 <y < T} be a rectangular domain. Consider the
following degenerate hyperbolic equation:

(1) Lu =y " uge — Uyy — b2y™u =0,
where m > 0, b > 0, and T' > 0 are given real parameters.

In this work, we study two problems for equation (1) with the initial conditions and
different parameter-dependent nonlocal boundary conditions.

Problem P,. Find a function u(z,y) € C* (ﬁ) NC2(Q), which is a solution of equation

in the domain 2, satisfies the classical initial conditions

(2) u(z,0) =7(x), uy(z,0)=v(z), 0<z<1,
and the following nonlocal boundary conditions:

(3) ug(0,y) = aug(l,y), 0<y<T,

(4) u(0,y) =u(l,y), 0<y<T,

where a is a given real parameter, and 7(x) and v(x) are sufficiently smooth given func-
tions.
Problem Pg. Find a function u(z,y) € ct (ﬁ) ﬂCz(Q), which is a solution of equation

(1) in the domain Q, satisfies the classical initial conditions , and the following nonlocal
boundary conditions:

(5) uz(0,y) =ug(l,y), 0<y<T,

(6) u(0,y) =Bu(l,y), 0<y<T,
where B is a given real parameter, and T(z) and v(z) are sufficiently smooth given functions.
Using the spectral analysis method, the main results on the existence and uniqueness of

solutions to Problems P, and Pg have been obtained, and the corresponding theorems have
been proved.

The key feature of the problem under study is that the system of eigenfunctions of the
spectral problem (which arises when applying the Fourier method) does not form an uncondi-
tional basis. Therefore, direct application of the Fourier method is impossible. To overcome
this, an auxiliary basis is constructed using eigenfunctions.

Funding: This research is supported by the Science Committee of the Ministry of Science
and Higher Education of the Republic of Kazakhstan (Project No. AP23485279).

Keywords: degenerate hyperbolic equation, initial condition, nonlocal boundary conditions,
regular boundary conditions, root functions, Riesz basis,
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The mixed initial-boundary value problem for the heat
equation with a discontinuous coefficient under general
conjugation conditions
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Abstract: An initial-boundary value problem for the heat equation with a discontinuous
coefficient is considered:
0 02
™ o =i
ot Oz2
in the domain Q = Q1 UQs, Q1 = {(z,t) 1 lo <z <1l1,0<t < T},
Qo = {(z,t) 1 l1 <z <l2,0< t < T}, (¢ =1,2), with initial conditions

) w(z,0) = p(z), lo<w < la,
boundary conditions of the form
©) ulo,t) = ug(lz,t) =0, 0<t<T,

and conjugation conditions [1]
(10) {auuw (11 — 0,t) + a12ug (11 + 0,t) + a1z3u(ly — 0,t) + arau(ly +0,t) =0,
az1ug(l1 — 0,t) + assus(l1 + 0,t) + azzu(ly — 0,t) + azau(ly +0,t) = 0.
The theorem on the existence and uniqueness of a classical solution to the problem (1)-(4) is

proved [2].

Keywords: heat equation, discontinuous coefficients, eigenvalues, eigenfunctions, method of
separation of variables
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Abstract Source identification problems arise in many areas of science and engineering, where
unknown internal sources must be reconstructed from indirect observations. Such inverse
problems are encountered in heat transfer, diffusion processes, geophysics, medical imaging,
and environmental modeling ([1]-[3]).

In the paper [1], the well-posedness of the source identification problem for an abstract
elliptic equation with nonlocal boundary conditions in a Banach space was established. The
problem is formulated as

—v"(t) — Av(t) =p+ f(t),0<t <1,
(1) v(0) = v(1),
v’ (0) = v’ (1)

where A is a positive operator, the parameter p € E and the function v : [0,1] — E are
unknown, while f : [0,1] — FE is given.

Although the continuous problem has been shown to be well-posed, practical applications
require reliable numerical methods. This motivates the development of stable and convergent
difference schemes that can efficiently approximate both the unknown source parameter and
the solution.

This work is devoted to construct and analyze a finite difference scheme for the source
identification problem, establish stability estimates that guarantee the well-posedness of the
discrete problem, and demonstrate the accuracy and efficiency of the proposed method through
numerical experiments.

This research was funded by the Science Committee of the Ministry of Science and Higher
Education of the Republic of Kazakhstan (Grant No. AP23487362).

Keywords: difference scheme, elliptic equation, inverse problem, source identification prob-
lem, stability estimate.
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Abstract: This report is devoted to the variational formulation and finite element approxi-
mation of the nonstationary Navier—Stokes equations:

(1) hu+ (u-V)u—vAu+ Vp = f, V.-u=0.
The problem is supplemented with the initial condition

@) w(z,0) = uo(x)

and homogeneous Dirichlet boundary conditions.

Let V ¢ H' ()% and Q C L?(Q)/R be the velocity and pressure spaces, respectively. The
bilinear and nonlinear forms are defined as follows: a(u,v) is the diffusion term, b(v, p) is the
pressure term, and c(w;u,v) is the nonlinear convective term.

The weak formulation consists in finding (u,p) € V x @Q such that:
(3) (02w, v) + c(usu, v) + a(u,v) + b(v, p) = (f,v),

(4) b(u,q) =0, V(v,q) € V x Q.

Finite-dimensional approximations satisfying the discrete Ladyzhenskaya—Babuska—Brezzi
(LBB) condition are considered. Under suitable regularity assumptions, the finite element
approximation satisfies the error estimate:

2
(5) lu@@™) —upllLe < C(h” + At).

The results confirm the convergence of the finite element method for incompressible flow
problems.

Keywords: Navier—Stokes equations, variational formulation, finite element method.

2020 Mathematics Subject Classification: 35Q30, 65M60, 76D05. References:

[1] Temam R. Navier—Stokes Equations: Theory and Numerical Analysis, North-
Holland, Amsterdam (1977).

[2] Brenner S.C., Scott L.R. The Mathematical Theory of Finite Element Methods,
Springer, New York (2008).

Bahcesehir University, Tiirkiye, Institute of Mathematics and
Mathematical Modeling, Kazakhstan, Ghent University, Belgium



36 8th International Conference on Analysis and Applied Mathematics

Geometric criteria for controllability in arbitrary Banach
spaces

Omar Benniche!
1 Laboratory LAMIA, University of Djilali Bounaama — Khemis Miliana, Algeria

o.benniche @univ-dbkm.dz

Abstract: We present geometric criteria ensuring controllability properties for dynamical

systems evolving in arbitrary (possibly infinite-dimensional) Banach spaces. Let (X, || - ||) be
a real Banach space and consider the set-valued evolution

(1) z'(t) € F(t,x(t)) C X, t € [to, T], x(to) = z0,

where F(t,z) is a nonempty subset of X. The reachable set at time ¢t is

(2) R(t;x0) = {z(t) € X : =(-) solves the dynamics with z(to) = zo}.

Controllability is reformulated as a geometric property of these reachable sets. For a closed
target S C X, exact controllability requires R(T’; z9) NS # @, while approximate controllabil-
ity requires R(T;zo) NS # 0; approximate null-controllability corresponds to 0 € R(T; z¢).

The approach is based on set-valued analysis and viability-type arguments on suitable
constraint sets, together with separation theorems and tangent (Bouligand/contingent) cones.
For a closed set K C X and = € K, the contingent cone is

(3) Ti(z)={ve X: Ih, L 07, Jv, > v, 4 hpv, € K}.

A tangency (viability) condition of the form F(¢,z) N Tk (z) # 0 keeps trajectories in K. En-
coding the control objective through an epigraph set K = {(z,r) € X xR : r > ¢(x)}, where ¢
is a lower semicontinuous distance-to-target functional (e.g. ¢(z) = [|z|| or ¢(w) = dist(x, S)),
near-viability of K under an augmented dynamics yields quantitative decrease estimates of
¢(z(t)) and hence approximate steering to the target. Finally, in the dual space X ™, approx-
imate controllability is shown to be equivalent to the nonexistence of a separating functional
between the target and the reachable sets, providing the infinite-dimensional analogue of
finite-dimensional geometric separation arguments.

Throughout this note we mainly use techniques from set-valued analysis and viability
theory [1, 2], control theory [3], and semigroup methods [4].

Keywords: Banach spaces, controllability, reachable set, viability, contingent cone, set-
valued dynamics, separation
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Abstract: We develop a pathwise Fourier-continuation framework for Bermudan and Amer-
ican option pricing. The method combines randomized quasi-Monte Carlo path simulation,
sinh-accelerated Fourier inversion, and type-3 nonuniform FFT evaluation so that, at each
exercise date, continuation values are computed from the one-step characteristic function di-
rectly at the simulated states. This replaces the regression fit in least-squares Monte Carlo
by a transform-based conditional expectation while retaining a simulation architecture. The
framework is formulated for one-factor exponential models with explicit one-step character-
istic functions; the continuously monitored barrier treatment considered here is specific to
geometric Brownian motion, where a Brownian-bridge survival correction is applied in log
space without changing the Fourier continuation step.

Numerical experiments recover standard GBM American-put benchmarks accurately, show
competitive bias and RMSE relative to polynomial and Laguerre-basis LSMC on representative
cases, and demonstrate the continuation machinery under a pure-jump CGMY model. For
continuously monitored up-and-out puts under GBM, the barrier extension gives prices in
close agreement with published benchmark values.

Keywords: American options; Bermudan options; Fourier continuation; nonuniform fast
Fourier transform; randomized quasi-Monte Carlo; sinh acceleration; barrier options; CGMY
model.
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Heat equation with a singular potential in domains with non-smooth boundaries
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Abstract.This paper investigates the behavior of nonnegative generalized solutions to the
first initial-boundary value problem for a linear heat equation with a singular potential in a
cylindrical domain Q@ = © x (0,7T), where Q C R"™ (n > 3) is a neighborhood of the edge
containing the origin and T' > 0. In a neighborhood of the origin, the domain € is locally
diffeomorphic to a a dihedral angle of opening By (0 < 8o < 27). A sharp condition on the
potential is found that ensures the existence and/or non-existence of nonnegative solutions to
this problem.

Keywords: heat equation, singular potential, generalized solution, nonnegative solution,
behavior of solutions, sharp condition, existence and non-existence.
2020-Mathematics Subject Classification: 35K05, 35K20, 35K67

Let © be a bounded domain in R™ (n > 3), whose boundary 9 consists of two smooth
(n — 1)—dimensional surfaces I'y and I's intersecting along an (n — 2)—dimensional manifold
(edge) T'g, such that the origin lies on the edge: 0 € I'g. It is assumed that in a neighborhood
of the origin, the domain € is locally diffeomorphic to a dihedral angle of opening By (0 <

Bo < 2m).
We consider the first initial-boundary value problem in the cylinder Q@ = Q x (0,T) :
us — Au—V(z)u=0, (z,t) € Qx(0,7T), (1)
u(z,t) =0, x€dQ, t€ (0,T); u(x,0) =up(z), zc. (2)

It is assumed that 0 < V < L1 (Q) and 0 < ug < L2(Q).

loc

The initial condition holds in the sense of
ess lim /u(m,t)n(m)dm:/uo(r)n(z)dr
t——+0
Q Q
for any function n € D(Q2) = C5° ().

Definition. Let Q = Q X (0,7). A function u(z, t) is called a nonnegative weak (gen-
eralized) solution to the problem (1)-(3) in the sense of distributions if u € L}, .(Q), Vu €
L},.(Q), and for any function v € C°(Q) such that ¢(z,T) = 0 and w‘aﬁx(o r =0 the
following integral identity holds:

[ wt=w = 2w = v@widedt = [ wo(@yi(e, 0)d.
Q Q

In a neighborhood of the point 0 € ', we introduce local spherical coordinates: r = |z| €
(0,6), (6 >0)and w € Q, C S™~1 where Q is the spherical cross-section of the dihedral
angle on the unit sphere. The Laplace operator takes the form:

9 n-1 0 1
 or2 r ot r2

where A,, is the Laplace-Beltrami operator on S 1.

ws

Consider the Dirichlet eigenvalue problem on the spherical segment Q,, :

ALY (w) =AY (w), w € Qu; Y(w)=0, wei,.

Let A1 be the principal (first) eigenvalue of this problem and let Y7 (w) be the eigenfunction
corresponding to the principal eigenvalue A;.

Let p(z) = |z|”*Y1(w). Let us find the function Vi(x) satisfying the equation Ap +
Vo(z)e = 0 in D'(R). Since —Ap = [a(n — 2 — a) + A1]|z| "7 2Y1 (w), we obtain: —Agp/¢ =
c|ac\727 where ¢ = a(n — 2 — a) + A\1. From the last equality, it follows that the number « is
defined by the formula
n—2

=T—\/CH—C.

2
It is clear that when 0 < ¢ < Cy = % + A1, the number « is a real and Ay € Llloc(Q).
We set: Vo(z) = clz|~2, =€ Q.

Note that the constant C'i is the best Hardy constant for non-smooth domains and is not
achievable by functions in the Sobolev space
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Theorem. 1. If 0 < ¢ < Cpyx and V(z) < Vo(z) in the domain €, then problem (1),(2)
has a nonnegative generalized solution for any nonnegative initial function ug € L2(Q).

2. If ¢ > Cy and V(z) > Vp(x) in the domain €, then for ug(z) > 0 problem (1),(2) has
not nonnegative generalized solutions.

Note that in the case of a conical domain with vertex at the origin, problem (1),(2) was
studied in [1].
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Method of generalized jacobi elliptic functions for solving
some classes of nonlinear elliptic systems of second-order
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Abstract: In this paper, generalized Jacobi elliptic functions dn w(z)— delta-amplitude
are applied to the construction of particular solutions of certain classes of elliptic systems of
partial differential equations of second order on the complex plane C with Cauchy-Riemann
operators 20z = Oy + 10y, 20, = 0y — 10y, and the Bitsadze operator 4853 = 405(0z) =
821 — Biy + 2i8§y, where the variables z = = + iy, Z =  — iy are independent.

The function w(z) is a quasi-periodic homeomorphism of the Beltrami equation

wr—qw: =0, |q|#1,
satisfying the condition
w(0) =0, w(z+h;)=w=)+1, =12,
where Im(ha/hy) # 0, Im(12/71) # 0.

The function w(z) quasiconformally maps any parallelogram Q with vertices zo, zo +
h1, zo+hi1+ha, 20+ ha onto a quadrilateral Q" with vertices w(zo), w(z0)+71, w(z0)+71 +
T2, w(20) + T2, and for |q| < 1 the orientation of the boundaries of  and Q’ is preserved.

Keywords: solution of equations, modulus of elliptic function, Jacobi elliptic functions, an-
alytic function.
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Heat transfer model with involution: analytical
approaches and FDM analysis
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Abstract: In this study, a heat transfer model on a metal rod of length L, folded in
half from its exact center (¢ = 0) into a U-shape, is investigated theoretically and numeri-
cally. While differential equations with involutions have been extensively studied by various
researchers in the literature [2-5], the symmetric interaction resulting from the geometric
structure of the rod and the proximity of its arms is modeled using a first-order differential
equation with involution. Two different analytical methods frequently encountered in the lit-
erature, namely the separation into even-odd components and the order-elevation method, are
evaluated for the solution of the model; both approaches are demonstrated to yield consistent
general solutions in integral form [1]. For the numerical analysis of the equation, a Finite
Difference Method (FDM) discretization based on the centered difference approximation for
derivative expressions is formulated. Finally, under a contraction condition defined on the
coefficients of the system, the existence, uniqueness, and uniform convergence of the sequence
of successive approximations to the analytical solution are theoretically proven within the
framework of the Banach fixed-point theorem.

Keywords: Heat transfer model, finite difference method, Banach fixed point theorem
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Abstract: We study the dynamics of a four-dimensional Lotka—Volterra type operator IC,
on the 3-simplex S3, arising from a discrete-time Kolmogorov system. We first give a complete
description of the fixed points: the unique fixed point in the interior is the symmetric centre
c=(1/4,1/4,1/4,1/4), which is repelling, while every point on the opposite edges I'13 and
I'24 is a (non-hyperbolic) fixed point. A Lyapunov-type function is used to show that, for any
initial state in the interior of S° distinct from ¢, the w-limit set is contained in the boundary
of the simplex. By analysing the restrictions of IC;. to the two-dimensional faces, we refine
this picture and prove that every w-limit set coming from the interior is in fact contained in
the union of one-dimensional edges, with convergence to vertices excluded.

Our main results concern the interior dynamics. We describe the asymptotic ordering
of coordinates and construct a set X C int S° of positive Lebesgue measure such that the
orbits of all x € X follow a cyclic itinerary of order regions near the four non-fixed edges
I'12,23,'34 and T';4. This intertwined motion produces long alternating blocks in which
different pairs of coordinates dominate and implies that the averages of K" fail to converge
for every z € X. In particular, K, is non-ergodic and exhibits historic behaviour on a set of
positive Lebesgue measure, providing a higher-dimensional example of rich historic dynamics
in the class of Lotka—Volterra operators

Keywords: Lotka—Volterra operator, stochastic operator, Kolmogorov system, historic be-
haviour, non-ergodicity
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Study of Gaussian primes using quantum mechanics
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Abstract: We introduce the concept of the prime state over Gaussian integers, defined
as a uniform quantum superposition of all Gaussian primes within a bounded norm. By
mapping Gaussian integers to a Hilbert space basis, we define Hamiltonians, norm operators,
Hecke-type observables, and entanglement measures acting on the prime state. Time evolution
generates interference patters revealing correlations among Gaussian primes. We analyze the
spectrum using random-matrix analogies and discuss quantum primality oracles. Connections
to the Prime Number Theorem, Gaussian prime number estimation, Chebyshev-type bounds,
and prime-counting functions are provided.

Keywords: Gaussian Primes, Quantum superposition, Prime number theorem
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Solution of a nonlocal problem for the heat equation
using the potential method
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Abstract: One nonlocal problem for the heat equation is considered

(1) L(u) =uy —uge =0 wn domain Q={(z,t):0<z<l, 0<t<T}
with initial conditions

(2) u(z,0) = f(z), 0< <!
boundary conditions of the form

a1u(0,t) + asu(l, t) = o(t),
(3) {blum(o,t) T baug (1, t) = B(t), 0<t<T

the coefficients a;, b; (¢ = 1,2)— real numbers.

Using the potential method, problem (1)-(3) is reduced to Volterra integral equations. The
solution of the Volterra integral equation was found and the solvability of the stated problem

(1)-(3) was investigated.
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Abstract: We study the initial-boundary value problem (IBVP) for the advection—diffusion—
reaction equation
dc

(1) E+u~Vc:V-(KVc)7/\c, xeQ, 0<t<T,

(2) c(x,0) = co(x),  Ble] =g on 09,

which governs the spatial distribution of a pollutant concentration ¢ transported by a wind
field u, dispersed by a turbulent diffusivity K, and lost at the first-order rate A\. The bound-
ary operator B ranges over the physically relevant Dirichlet (prescribed background or inflow),
Neumann (impermeable, reflecting surface) and Robin (dry deposition, —K 8, ¢ = vq4 ¢) con-
ditions.

We present the probabilistic, Feynman-Kac representation of the solution. Equation (1) is
the Kolmogorov forward (Fokker—Planck) equation of the It6 diffusion dX; = udt+v2K dWy,
so the concentration coincides, up to the released mass, with the sub-probability density of
diffusing pollutant parcels killed at rate A. The pointwise value of the solution admits the
stochastic representation

®) c(x,8) = E[e ) (1irny co(Yo) + Lircey 9(Yr, t = 7)]
where Y is the adjoint diffusion dYs; = —uds + V2K dWy started at Yy = x, and 7 is

its first hitting time of the boundary 9. In this representation every boundary condition
becomes a behaviour of the path: Dirichlet corresponds to absorption, Neumann to reflection,
and Robin to partial absorption (an elastic boundary). As a consequence, we show that the
classical Ogata—Banks solution of the semi-infinite inflow problem is exactly a first-passage
probability, c(xz,t)/co = P(7 < t).

On this basis we develop and compare two Monte Carlo solvers: a backward Feynman—
Kac estimator for pointwise concentrations, equipped with a Brownian-bridge correction for
sub-step boundary crossings, and a forward random-walk particle method for the whole field,
in which the dry-deposition (Robin) boundary is realised by absorbing a particle upon con-
tact with probability vqg\/7 At/K. Well-posedness is addressed through the parabolic max-
imum principle and an energy estimate yielding uniqueness and continuous dependence on
the data. The estimators are validated against the analytic fundamental solution, the Ogata—
Banks formula, and an implicit (Crank—Nicolson) finite-difference solution, in one, two, and
three spatial dimensions. For a diagonal diffusivity the multidimensional diffusion factorises
into independent one-dimensional processes, which renders the method mesh-free and free of
numerical diffusion, the ground reflection, capping inversion, and deposition acting on the
vertical coordinate alone. An interactive R-Shiny web application has been developed that
lets the user vary the wind, diffusivity, source, and boundary parameters and visualise the
resulting concentration fields in real time.

Keywords: advection—diffusion equation, initial-boundary value problem, Feynman—Kac for-
mula, Monte Carlo method, stochastic differential equation, first-passage time, Robin bound-
ary condition, atmospheric dispersion
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The ITD approach in quasilinearization of
integro-differential equations
Mohammed Ahmed Issa Alhussein®, Ali Yakar?
1 Graduate Education Institute, Tokat Gaziosmanpasa University
sm316.mohammed.ahmed@gmail.com

2 Department of Mathematics, Tokat Gaziosmanpasa University ali.yakar@gop.edu.tr

Abstract: Integro-differential equations frequently serve as mathematical frameworks across
a variety of disciplines. Investigating Volterra integro-differential equations alongside their
real-world uses has emerged as a prominent research domain. Within this context, let us
consider the initial value problem (IVP) formulated below:

dzx

& & —ga )+ [ et a)ds, i) =0,
Jig

with t € J; = [to,to + T],t > 0,T > 0, assuming appropriate conditions on g and ¢.

This report focuses on employing the method of quasilinearization incorporating the initial
time difference (ITD) technique to analyze a Volterra integro-differential equation , thereby
yielding monotone sequences of functions that converge uniformly and quadratically to the
unique solution of ‘

Keywords: Quasilinearization method, initial value problem, integro-differential equations,
lower and upper solutions
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Weak solvability of Navier—Stokes—Voigt thermal model
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Voronezh State University, Russian Federation
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Abstract: We consider the following initial-boundary value problem
v n v . OAv
i Z::lv% = Div (v(I2(v))E(v)) = 3= = + VO + Vp = f;
- a0 9E (v)

% + ;vaT —xA 0 =v(I2(v)EW) : E(W) + ek EW) + g;

divo =0; vl|t=0 =wvo; v|jo,mxa0 =0; Oli=0 =008 0Olj0,T1x00 = 0.
Here, v is un unknown velocity, p is un unknown pressure, f = f(¢, ) is the external force,
v > 0 is the fluid viscosity, ¢ > 0 is the retardation time, £(v) = (&;;(v)), &ij(v) =
) v J—
%(2:3 + aiz ), 4,7 = 1,n, is the strain-rate tensor, the function Is(v) is defined by the
relation I (v)? = E(v) : E(v).
This initial-boundary value problem describes the flow of a non-linearly elastically re-
tarded Voigt fluid (for example, the motion of a viscous fluid with polymer components)
see |1].

Theorem. Let Q@ C R™, n = 2,3, be bounded domain with smooth boundary. Let
F € La(0,T5V™), vo € V, g € L1(0,T; H, 2 =Y/P)(Q)) and 6y € W2 ~2/?(Q). The viscosity
function v have to be continuously differentiable and satisfy the inequalities (1) 0 < C; <
v(s) < Ca < o00; (v2) —sv'(s) < v(s) for v'(s) < 0; (vs3) |sv/(s)] < C3 < oo. Also let
l1<p<4/3forn=2and1l<p<10/9 for n = 3. Then the initial-boundary value problem
has weak solution v € W = {v:v € C(0,T; V), v € L2(0,T;V)}.

Thanks. This research was funded by the Russian Science Foundation (project 23-71—
10026-P) https://rscf.ru/en/project/23-71-10026-P/.

Keywords: Navier—Stokes—Voigt system of equations, weak solution, thermodynamic model,
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cross-diffusion systems with time-dependent coefficients
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Abstract: We investigate the Cauchy problem for a class of degenerate nonlinear cross-
diffusion systems with time-dependent diffusion coefficients, variable density, and absorption
terms. In the domain

Q:{(t,w):t>0,z€RN}

investigated properties of the solutions of a nonlinear diffusion-reaction system with variable
density:

P _ _ _
mraiz = div(lcl(t)\z|avm1 L vul? 2Vu) — ||y (t)u,

(1)
ré)v . 7 mo — - ks
|| 5= d1v<k2(t)|x\5u 271 wy|P 2Vv) — x| y2 (t)v.

subject to the initial conditions

) u(0,2) = uo(#) 20,  v(0,2) =vo(z) 20, =z €R",

here £k > 1, n,p,mi,ki(t) > 0, i = 1,2, are given positive constants, characteriz-
ing the nonlinear media, V() = grad(-), -functions wug(z), vo(z) > 0, z € RN, and
0 < ki(t),vi(t) € C(0,00), i =1,2.

The model describes nonlinear processes arising in porous media, the theory of gas filtra-
tion, nonlinear heat conduction, and reaction—diffusion cross-systems with variable density
and absorption. Under suitable assumptions on the nonlinear diffusion exponents, absorp-
tion coefficients, and initial data, we analyze the qualitative properties of nonnegative weak
solutions. By introducing an appropriate nonlinear self-similar transformation, the original
evolutionary system is reduced to a family of nonlinear degenerate self-similar differential
equations. In the present work, based on the self-similar analysis of solutions to problem
(1),(2) and the comparison theorem, we investigate the qualitative properties of solutions to
the problem under consideration; these include the finite velocity of disturbance propagation
and spatial localization under the influence of absorption and time-dependent coefficients of
the cross-system 4 An estimate of the solutions and the free boundary of the problem
is obtained for the case of slow diffusion. Furthermore, the asymptotics of the self-similar
solution are investigated. It is shown that the coefficient of the leading term of the solutions
asymptotic satisfies a certain system of nonlinear algebraic equations for both slow and fast
diffusion ‘ Critical values of the numerical parameters of the nonlinear medium, at which
the behavior of the solution changes and takes on an exponential form, are established. Crit-
ical and singular cases are also considered. Finally, the asymptotics of self-similar solutions
for weak and quenching solutions are established, and a numerical analysis of the solution is
discussed.

Keywords: Degenerate parabolic system; cross-diffusion; weak solutions; finite-speed prop-

agation; free boundary; space localization; self-similar solutions; asymptotic and numerical
analysis.
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On some inequalities of two-parameter noncommutative
martingales
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Abstract: This report is devoted to extending the main results of |1| on two-parameter
noncommutative martingales from the finite von Neumann algebra setting to the semi-finite
setting. We prove convergence theorems for L,-bounded martingales (1 < p < oo). Further-
more, we establish the Burkholder-Gundy inequality for general two-parameter martingales
and Davis’s inequality for strong martingales within this broader semi-finite context. Our
approach relies crucially on the powerful interpolation machinery developed in |2|, specifically
the complex and real interpolation formulae between BMO, H,, hp, and their conditioned
counterparts. This interpolation framework allows us to transfer the known finite-trace es-
timates systematically to the semi-finite setting. The results obtained unify and extend the
classical Lj-theory for two-parameter martingales, providing essential tools for further devel-
opments in noncommutative harmonic analysis and quantum probability. Throughout this
note, we mainly use techniques from the works [3H5].

Keywords: von Neumann algebra; two-parameter martingales; Burkholder—Gundy inequal-
ity; Davis’s inequality; strong martingales
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Optimal control problems with nonlocal conditions for
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Abstract: This paper considers an optimal control problem in which the system state is
determined by a system of integro-differential equations with nonlocal boundary conditions.
Admissible controls are selected from the class of bounded and measurable functions with
values in an open set. A formula for the second-order increment of the functional is derived.
Based on control variations, the necessary optimality conditions for singular controls in the
classical sense are obtained.

Similar problems have been considered in [1].

Keywords: nonlocal boundary conditions, optimal control, necessary optimality conditions,
second-order functional increment
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Boundedness of convoultion pperators in generalized local
Morrey spaces
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Abstract: This paper investigates norm estimates for convolution operators in general-
ized local Morrey-type spaces. Sufficient conditions for boundedness are established, and the
corresponding associated (dual) spaces are characterized.

We prove Young-O’Neil-type inequalities in this setting, extending classical results to a
more general framework. The obtained inequalities provide new estimates for convolution
operators with kernels from weak Lebesgue spaces.

These results generalize known theorems for Lebesgue, Lorentz, and Morrey spaces, offer-
ing refined criteria for the boundedness of integral operators. Applications include potential
operators and singular integrals in Morrey-type spaces.

Throughout this note we mainly use techniques from [1].

This research was funded by the Science Committee of the Ministry of Science and Higher
Education of the Republic of Kazakhstan (Grant No. AP23488596).

Keywords: Morry space, Generalised Local Morrey Space, convolution operator, Young-
O’Neil’s inequality, Riesz potential
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On the class of super-singular integro-differential equation
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Abstract: In this work on I' = {z : a < z < b} we investigate a class of first-order
integro-differential equation with super-singular kernel
b B(z,t)
(1) ny+A(x)y—/ my(t) dt = f(z),
P

d
where 8 > 1, sz = (b—ac)ﬁ T is a special differential operator, A(z), f(x) are given continues
x
functions at ', B(z,t) is given continues function at rectangular R = {(z,t) ta <z < b, a <
t < b} and y(x) is unknown function.

Since in equation (1) 8 > 1, therefore the kernel of equation has singularity of degree

greater then 1. On the other hand it is well known that the kernel of type (B;)Srt’)tg upon

|B(z,t)| < K is a divergent kernel, because the improper integral
b B(z,t
/ Bt dt
z (b—1t)8

On the other hand, even though the kernel is divergent, our investigation shows that there
exist some classes of functions in which the equation (1) has solutions.

diverges.

In this work we show that in the class of such functions denoted by y(z) € Cg_1[a, b],
which at point z = b tends to zero and its behavior determined from the asymptotic formula

y(r):o[(b—r)é], 6>p—-1, when z — b.

the equation (1) solvable and its solution in general contains two arbitrary constants.

There also exist some cases in which the general solution of investigated equation contains
one arbitrary constant or it has only the unique solution.

Keywords: Integro-differential equations, singular coefficients, Holder class functions, degen-
erate kernel.
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Analytical solutions for fractional stochastic equations via
Martingale processes
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Abstract: The purpose of this paper is to put forward some analytical solutions to solve
the fractional stochastic equation (FSDE)

DX () = a(X (1), 1) dt™ + o(X (1), t)dW,,  t€[0,T],
X (0) = Xo,

where CD,‘;‘ is a Caputo fractional derivative of order o, 0 < a < 1, W (¢) is a Wiener process
and triple (2, F,P) is a probability space under some conditions and special relations between
drift and volatility.

If functions a and o are globally Lipschitz in R and satisfy the linear growth condition,
then FSDE has a unique t-continuous solution adapted to the filtration F¢, ¢ > 0 generated

by W (t) and
E[/OT |X(s)]? ds] < oo.

In our paper, we find a couple of analytical solutions of some set of fractional stochastic
equations was indicated via the martingale process from a stochastic process. Converting
fractional stochastic differential equations to ordinary ones as another suitable method was
posed.

Keywords: Fractional order, martingale processes, drift term, diffusion, volatility term.
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On the conditions for the existence of solutions of a
difference inclusions
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Abstract: Let X be a complex Banach space and A be a closed linear relation on X, i.e.,
A C X x X is a closed linear subspace.

In the Banach space I, = [,(Z,X),1 < p < o0, of two-sided sequences = : Z — X, we
consider the difference inclusion

& 2(n) € Az(n — 1) + f(n),n € 7,
here f € lp, Az(n — 1) ={y € X : (z(n —1),y) € A}.

The study of inclusions (1) is based on the closed relation A = AS(—1) on l,, where
A= {(&y) €Ly x I : (@(n),y(n) € A} and (S(~1)a)(n) = 2(n — 1),n € Z,x € L,. The
spectrum of o(A) is invariant under rotation around zero in the field C, and if 1 ¢ o(.A), then
the representation o(A) = oint U 0out, is valid, where o;nt(A) = {\ € 0(A) : |A| < 1} and
out(A) = {X € o(A) : |A] > 1}.

Theorem 1. The difference inclusion (1) has a unique solution z € l,,1 < p < oo if and
only if the spectrum o(A) of A satisfies the condition

(2) c(A)NT =0,
where T is the unit circle in C.

According to condition (2), the Riesz projector decomposes the space X = Xo® X1, where
Xo = ImP, KerP = X;, and for the restrictions A|Xy = Ap and A|X; = A; the equalities
o(Aop) = oint(A) and o(A1) = oout(A) hold. Based on this, any solution of difference

inclusion (1) can be represented as z(n) = 3. G(—m)f(m), where G : Z — X, G(k) = AFP
mez
for k > 0,G(k) = —A¥(I — P) for k < —1.

Throughout this note we mainly use techniques from work [1].
Keywords: Banach space, linear relation, difference inclusion, spectrum
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Abstract: In the present paper, the theorem on stability estimates for the solution of
source identification problem (SIP) of the multidimensional elliptic-telegraph differential equa-
tion with Dirichlet’s conditions is presented. Furthermore, numerical results for multidimen-
sional of identification elliptic-telegraph problem are given.

Keywords:Source identification problem, elliptic-telegraph differential equation, difference
scheme

2020 Mathematics Subject Classification: 65N06, 35M10, 35R30.

References:

[1] A. Al-Hammouri and A. Ashyralyev, A note on the second-order accuracy differ-
ence scheme for the elliptic-telegraph identification problem with Dirichlet boundary
condition. International Journal of Applied Mathematics, 38(1) (2025), 1-13.

[2] S. S. Adavani and G. Biros, Fast algorithms for source identification problems with
elliptic PDE constraints. SIAM Journal on Imaging Sciences, 3(4) (2010), 791-808.

[3] M. Ashyraliyev and M. A. Ashyralyyeva, A stable difference scheme for the solution
of a source identification problem for telegraph-parabolic equations. Bulletin of the
Karaganda University. Mathematics Series, 115(3) (2024), 46-54.

[4] A. Ashyralyev and A. Al-Hammouri, A note on the elliptic-telegraph identifica-
tion problem with nonlocal condition. AIP Conference Proceedings, 2334 (1) (2021),
060006.

Bahcesehir University, Tirkiye, Institute of Mathematics and
Mathematical Modeling, Kazakhstan, Ghent University, Belgium



8th International Conference on Analysis and Applied Mathematics 57

Comparative analysis of different classes of adomian
polynomials for solving nonlinear volterra integral
equation of the second kind

Sa’adu Bello Mu’azuv!, Zayyanu Balarabe Bayawav? Tanko Adamuv?®
L Abdullahi Fodio University of Science and Technology, Aliero
Kebbi State Nigeria, PMB1144

saadbm13.sbm@gmail.com
2 Federal College of Education Gidan Madi, Sokoto State

bayawabala3@gmail.com

Abstract: In this research, the Standard Laplace Adomian decomposition Method (SLADM),
Modified Laplace Adomian Decomposition Method (MLADM) and new modification in Stan-
dard Laplace Adomian Decomposition Method called the Two-Step Laplace Adomian Decom-
position Method (TSLADM) for solving nonlinear Volterra integral equation of the second
kind was considered. The analytical and numerical solutions of Nonlinear Volterra integral
equation of second kind were solved for the classes of the Adomian polynomials. The results
obtained are compared with exact solution and it was shown that these three methods are ca-
pable to achieve a good agreements with exact solution. This research also demonstrated that
new modification in standard Laplace Adomian decomposition method (TSLADM) is reliable
and efficient than standard Laplace Adomian decomposition method. However, the compari-
son between the exact solution and numerical solution obtained using SLADM, MLADM and
TSLADM was established. Numerical solutions was carried out and the results shows that the
TSLADM is less time consuming when compared to modified Laplace Adomian decomposition
method and standard Laplace Adomian decomposition method.

Throughout this note we mainly use techniques from the works [1].

Keywords: Adomian Decomposition Method , nonlinear volterra integral equation , polyno-
mial, numerical solutions.
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Some results for analytic functions related with modified
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Abstract: In this study, we explore the analytical properties and applications of a Modi-
fied Sigmoid Function within the framework of geometric function theory, with a focus on the
Schwarz Lemma. The classical sigmoid function, widely used in machine learning, is adjusted
to better conform to the unit disk and its boundary behavior, enabling a rigorous examination
using tools from complex analysis. We demonstrate that under appropriate normalization, the
modified sigmoid satisfies the conditions of the Schwarz Lemma, and we investigate the im-
plications of this conformity on the function’s growth, distortion, and fixed-point behavior.
Furthermore, we discuss how such modifications influence stability and convergence in itera-
tive schemes, potentially offering refined activation functions for neural networks with provable
analytical constraints. These results establish a bridge between classical function theory and
modern computational methods, highlighting the role of complex analysis in evaluating and
enhancing non-linear mappings in applied contexts.
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Abstract: An inverse boundary value problem for a second-order hyperbolic integro-differential
equation with a periodic condition and an integral condition of the first kind is investigated.

In the domain Dy = {(z,¢) : 0 < ¢ < 1,0 < t < T} we consider an inverse boundary
value problem

(1) Upp — Ugy = /a(T)u(w,t —T7)dr + f(x,t) (x,t) € Drp,
0

with the initial conditions

@) (@, 0) = p(x), wi(z,0) = ¥(z) (0<z<1),
the periodic boundary condition

(3) u(0,t) = u(l,t) (0<t<T),

the integral condition of the first kind

1
4) /u(z,t)dz =0 (0<t<T),
0

and the additional condition
1

) [ @@ i =h) ©<t<),
0

here, p(z), ¢ (z), f(x,t), h(t), w(x) # const are the given functions, and u(z,t) and a(t) are
the unknown functions.

First, the original problem has been reduced to an equivalent problem for which the exis-
tence and uniqueness theorem has been proved. Then, using these results, the existence and
uniqueness of a classical solution to the original problem are established.

Our results develop the results of [1].

Keywords: inverse problem, second-order hyperbolic integro-differential equation, existence,
uniqueness, classical solution.
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Abstract: This paper investigates a nonlocal problem for a second-order hyperbolic system
of loaded differential equations with a spatial loading term depending on the value of the
solution at a fixed spatial point. To establish the solvability of the problem, we propose a
parametrization-based approach. The considered problem is formulated in the domain Q =
[0,T] x [0, X] as follows:

(1) Ou = A(t a:)a—u + B(t a:)a—u + C(t, z)u(t, z) + Co(t, z)u (t,z0) + f(t, )
P vl 25 ®) 5 ) ) o(t, » TO yT)s
ou(0, x ou(T, x
@) P 20D 4 5 20D _ o), ae o, x],
(3) u(t,0) = (t), tel[0,T].

To investigate problem (1)-(3), we employ a parametrization-based approach. The pro-
posed approach introduces auxiliary unknown functions and employs the parametrization
method. As a result, the original nonlocal problem is transformed into an equivalent fam-
ily of parameter-dependent Goursat and Cauchy problems.

The proposed approach extends the parametrization method developed in [1[2] to a class
of nonlocal hyperbolic systems with spatial loading.

Keywords: nonlocal problem, hyperbolic loaded differential system, parametrization method,
Goursat problem, Cauchy problem, fundamental matrix, iterative method, solvability
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Abstract: We consider the spectral problem for the second-order differential operator

ey L(y) = —y"(2) = My(2), 0<z <1,
subject to the boundary conditions

(2) y(0) =0,

(3) AYi(y) + Yo(y) =0,

where

(4) Yi(y) = ai1y'(0) + asay’ (1) + aizy(0) + asay(1)

are linear boundary forms.

The spectral properties of boundary value problems for equation (1) without the spectral
parameter in the boundary conditions have been extensively investigated in the literature
[1]. However, introducing the spectral parameter into the boundary conditions substantially
changes the structure of the characteristic equation and the spectral properties of the problem,
which requires a separate investigation.

In the abstract, we study the spectral properties of the boundary value problem (1)—(3),
where the spectral parameter enters one of the boundary conditions linearly. A classification
of the problem into regular and irregular cases is established in terms of the coefficients of
the boundary condition (3). The asymptotic behaviour of the eigenvalues and the properties
of the corresponding eigenfunctions are investigated.
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Abstract: This paper introduces A(z)-geometry through the space of A(z)-analytic func-
tions and its reproducing kernel K 4. The corresponding lemniscates and metric describe the
complex structure deformed by the coefficient A(z). Unlike quasiconformal geometry, this
framework is based on reproducing-kernel and integral structures.

It is well established that solutions to the Beltrami equation

_ of aof
Dy =— —A(z)— =
4= A5
are closely connected with the theory of quasiconformal mappings. In the general setting,
the coefficient A(z) is assumed to be measurable in the domain D C C and to satisfy the
ellipticity condition

0 (1)

[A(z)| < e
almost everywhere in D, where ¢ < 1. Functions satisfying equation (1) are referred to as
A(z)-analytic functions.
Krantz [1] develops the classical foundations of geometric function theory, while Sadullaev

and Zhabborov [2] extend them to A(z)-analytic functions. These works provide the basis for
A(z)-geometry and its associated kernel, lemniscates, and metric.

As an illustrative example, consider a multiply connected domain, such as the annulus.
In this setting, the Bergman kernel may vanish at points away from the diagonal, a classical
phenomenon demonstrating that the finer analytical properties of the kernel are strongly
influenced by the topology of the underlying domain:

1| n+1 \n > (n+1)r2”+2 n—2
Ka(zO=—1> 753 CO"+ > 53 (30
n=0

T |n=o0

Thus, in contrast to the case of the unit disk, the kernel associated with an annulus may
possess zeros outside the diagonal set z = (.

Classical Bergman geometry relies on the holomorphic structure of the domain and on
invariance under biholomorphic transformations. In the setting of equation (1), however, the
underlying complex structure is modified by the prescribed field, with the result that the
conventional geometric objects no longer retain their invariance.

Within this framework, a novel geometric structure emerges in a natural manner. We refer
to it as A(z)-geometry, since it is determined by the space of A(z)-analytic functions together
with its associated reproducing kernel K 4.

Fix a point ( € D and introduce the function

Ye(z) = / A(T)dTs
v(¢,2)

where (¢, z) denotes an arbitrary curve in D joining ¢ to z. If D is convex, the function ¢
is uniquely defined.

Definition 2.1. For r > 0, the set
Ly(¢) ={z € D:|¢c(z)|< r}
is called the A(z)-lemniscate with center at .

Whereas ellipses serve as the fundamental geometric objects in quasiconformal geom-
etry, the natural geometric elements of A(z)-geometry are lemniscates. Their form is
governed by the integral structure associated with the coefficient field A(z).

The reproducing kernel K 4 (z, ¢)) provides a natural basis for defining a metric that serves
as an analogue of the classical Bergman metric.
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dsi(z) = 0,0:log K (2, z)|dz|*-

This metric has the following properties:

e it is preserved by those isometries of the space HZ(D) that are generated by
A(z)-compatible mappings, whenever such mappings exist;

e it remains invariant under A(z)-automorphisms;

e it characterizes the intrinsic geometric structure of A(z)-lemniscates;

e in the particular case A(z) = 0, it reduces to the classical Bergman metric.

Consequently, the A(z)-metric may be regarded as a natural geometric invariant associated
with the deformed complex structure.

The essential distinction between A(z)-geometry and quasiconformal geometry can be
described as follows:

e quasiconformal mappings preserve the moduli of curve families;

e A(z)-automorphisms preserve the level sets of the A(z)-potential together with the
corresponding lemniscatic structure, although they are not necessarily required to
preserve extremal length.

Hence, A(z)-geometry should not be viewed as a particular subclass of quasiconformal
geometry. Rather, it constitutes a distinct geometric framework determined by the kernel of
a first-order elliptic differential operator.

The orthogonal decomposition
L?*(D) = ker Do ® Ran D% -
also admits a natural geometric interpretation. More precisely,

e the subspace ker D4 represents the A(z)-analytic, and therefore geometrically in-
trinsic, component of a function;

e the complementary non-analytic component is described through the fundamental
solution and does not contribute directly to the A(z)-geometric structure.

Accordingly, A(z)-geometry can be interpreted as the geometry induced by the orthogonal
projection onto the solution space of the deformed Cauchy—Riemann equation.

In the limiting case A(z) = 0, all of the constructions introduced above, namely, A(z)-
lemniscates, the A(z)-metric and the A(z)-kernel reduce to their classical counterparts in
Bergman theory. This limiting correspondence supports both the consistency and the natural
character of the proposed geometric framework.

Remark 2.3. (Relation to quasiconformal geometry). In general, the A(z)-geometry gen-
erated by the reproducing kernel K 4 differs from the quasiconformal geometry developed by
Ahlfors. Its structure is governed not by conformal moduli or extremal-length invariants,
but by the reproducing-kernel Hilbert space of A(z)-analytic solutions and by the integral
characteristics of the coefficient field A(z). In the particular case A(z) = 0, this geometric
framework reduces to the classical Bergman geometry.

Keywords: A(z)-analytic functions, the Bergman kernel, reproducing kernel, lemniscates,
deformed complex structure, A(z)-geometry.
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Abstract: Taylor’s decomposition on four points for a third-order differential equation,
introduced by Ashyralyev and Arjmand [1], is reformulated in operator-symbol form. This
formulation is extended to the fifth-order differential equation

y @) +a@®yt) = f(t), 0<t<T.

A six-point decomposition is obtained and used to construct formally sixth-order difference
schemes for an initial-value problem, a boundary-value problem, and a nonlocal boundary-
value problem. The operator-symbol formulation provides a unified derivation of the common
interior scheme and the corresponding one-sided closure formulas. Numerical examples exhibit
the predicted sixth-order rate.

Keywords: operator-symbol method, six-point decomposition, fifth-order differential equa-
tion, sixth-order scheme, nonlocal boundary-value problem
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Abstract: This paper investigates the existence and uniqueness of weak solutions to a
nonlinear parabolic problem involving the fractional p(-)-Laplacian operator of variable order,
with a source term containing a causal deviating argument. The analysis is carried out via a
semi-discretization approach, where each time step is reformulated as the minimization of a
strictly convex and coercive functional on a variable-order, variable-exponent Sobolev space.
This formulation guarantees the existence, uniqueness, and stability of the discrete solutions,
with estimates independent of the time step, and yields the corresponding weak solution of
the continuous problem. The theoretical findings are illustrated through a concrete example,
demonstrating the applicability of the proposed framework.

Keywords: Fractional p(-)-Laplacian; variable order; deviating argument; semi-discretization
method; weak solution.
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Abstract: In recent years, fractional mathematical modelling using nonlocal fractional
derivatives has become a reliable tool and a new resource for describing the dynamics of
complex systems with memory effects and heritable characteristics. Such systems are found
in a variety of fields, including physics, fluid dynamics, materials science, signal processing,
engineering, chemistry, biology, medicine, finance, social sciences, economics, and ecology.

In this paper, a new method for constructing an analytical solution to a nonlocal bound-
ary value problem for a homogeneous ordinary differential equation with continuously varying
second-order derivatives is proposed. To do this, an invariant expression that allows for alge-
braization of the problem under consideration is found. The resulting characteristic equation,
corresponding to the equation under study, is transcendental, and its roots are found using
the Lambert operator.

Keywords: Differential equations of variable order, invariant solution, transcendental char-
acteristic equation, W-Lambert transform
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Abstract: Fractional and multifractional differential equations are encountered and widely
used in certain areas of physics, such as chemistry, astrophysics, biology, medicine, and so on.
The study of flow dynamics observed in inhomogeneous and irregular regions also leads to the
solution of differential equations of variable order.

Of particular interest is the study of differential equations whose order varies continuously.

The main goal of this paper is to find an invariant expression that allows for the algebraiza-
tion of differential equations whose order varies continuously, similar to Euler’s method for
solving ordinary equations with constant coefficients, and to use it to construct an analytical
solution to the problem under consideration

Keywords: multifractional differential equation, differential equations of variable order, in-
variant solution, W Lambert transform
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Abstract: We consider the problem
ey v (@) = Ay ()
on the interval (0, 1) with two-point boundary conditions

By (y) = a1y’ (0) + av2y’” (1) + a3y’ (0) + avay’’ (1)
(2)
+avsy’ (0) + avey’ (1) + av7y(0) + avsy(l) =0,
where the B, (y), (v = 1,2, 3,4) are linearly independent forms with arbitrary complex-valued
coefficients. We assume that boundary conditions are normalized. The function y(z) is an
arbitrary complex-valued function of the class W24(0, 1).

We can call boundary conditions normalized, if they can be written in the form

(3) By (y) = Buo(y) + Bui(y) =0,

where
ky—1 )

) Buo(y) = awy™ (0) + 3 a7 (0),
j=0
ky—1

(5) Bui(y) =By (D) + > By’ (1),
=0

32> k1 > ke >ks > ks >0, ky > kyya,

and for each index v at least one of the numbers «,, 3, are nonzero.

As an example, we give the following boundary conditions here:

Orders (k1, k2, ks, ka) | Leading part (example) Strengthened irregularity
®0)y=0, y®1)=0
(3.3,2,1) y//() , y/ (1) o N
y (0)=0, ry(0)+y(1)=0

v =0, y®1)=o,

y'(0) =0, ry(0)+y(1)=0
(3,3,2,0) y@ =0, ¥y =0, =41
' y'(0)=0, ry(0)+y(1)=0
(3,2,2,1) vy =0 4"(1)=0, r=+1
] y'(0)=0, ry'(0)+y'(1)=0
(3,2,2,0) vPO =0, ¥ =0, r=+v2
' y'(0) =0, ry(0)+y(1)=0
y™@0) =0, y"(1)=0,

y'(0) =0, ry(0)+y(1)=0
(5.1,1,0) y@0) =0, ¥(1)=0, e is
Y y'(0) =0, ry(0)+y(1)=0
y"(0)=0, ¥ (1)=0,
y'(0)=0, ry(0)+y(1)=0
(2,1,1,0) v =0,y (1) =0, r=41
Y y'(0)=0, ry(0)+y(1)=0

(3,3,1,0) r=+v2

(3,2,1,0) r=+2

(2,2,1,0) r=+v2
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On weak singularity of Prabhakar kernels
Addis Elnazarov
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Abstract: We consider the 3-parametric generalization of the Mittag-Leffler type function
- e (et
(1) Ew(zp;m, z,a,8,7v€C, Rea >0,
where () is the Pochhammer symbol, i.e.
_T(y+k)

Mx = Wv

and I'(+) is Euler’s gamma function. In this case the Prabhakar kernel [1] has the following
form

-1 a
@) el i) =177 B S (),
teRY, Xa,8,7€C, Rea>0, Ref > 0.
The regularity properties of the function in terms of the kernel have been obtained.

Keywords: Mittag-Leffler function, Prabhakar kernel, Pochhammer symbol, weak singular-
ity, fractional calculus, regularity properties
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Abstract: This paper studies bipartite graphs as a natural representation of formal con-
texts and the concept lattices that arise from them within Formal Concept Analysis (FCA). In
this paper we recall the basic apparatus of FCA, discuss the structural properties of concept
lattices with a particularly simple, flat partial order, and consider practical applications of
such lattices, including data analysis, clustering, and the identification of relations between
objects and attributes. Using a concrete bipartite graph, we build the corresponding formal
context table, extract the formal concepts, and construct the resulting star-shaped, modu-
lar concept lattice. The results are illustrated with examples from access-control systems,
e-commerce, and security monitoring.

Keywords: bipartite graphs, formal concept analysis, formal context, formal concepts, con-
cept lattice, modular lattice.
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Numerical analysis of a nonlocal problem for a loaded
parabolic equation

Saule Kuanysh
Institute of Mathematics and Mathematical Modeling, Kazakhstan
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Abstract: This paper considers a nonlocal boundary value problem for a loaded parabolic
equation defined on a closed rectangular domain. Such equations arise in mathematical mod-
els of diffusion, heat and mass transfer, environmental processes, and other systems involving
nonlocal sources or interactions. The method of lines is applied to the spatial variable, re-
ducing the original partial differential equation to a two-point boundary value problem for a
system of loaded ordinary differential equations. The resulting problem is solved using the
Dzhumabaev parameterization method. This approach introduces auxiliary parameters and
transforms the boundary value problem into a family of initial value problems supplemented
by a system of algebraic equations. Based on this transformation, a computational algorithm
for approximating the solution of the original nonlocal problem is constructed. The accuracy
and effectiveness of the proposed algorithm are evaluated through representative computa-
tional experiments. A comparison between the numerical and exact solutions confirms the
reliability and applicability of the developed approach.

The analysis presented in this paper is primarily based on the techniques developed in our

previous studies [1, 2].

Keywords: loaded parabolic equation, nonlocal boundary condition, method of lines, param-
eterization method, numerical algorithm
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Investigating and solving eigenvalue problems including
linear and nonlinear difference equations using discrete
additive and multiplicative differential equations
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Abstract: In this paper, we design and study eigenvalue problems involving linear and
nonlinear difference equations with parameters. For such problems, first; we study simple cases
of first-order equations including parameters and find their eigenvalues and eigenfunctions.

Then, for the general case of a second-order discrete multiplicative equations ,we will cal-
culate their eigenvalues and eigenfunctions. eigenvalue problems involving nonlinear difference
equations is one of the unsolved problems of this theory, therefore we try to generalize the
Storm-Liouville theory to discrete multiplicative calculus and non-Newtonian analysis.

Finally, we apply the above method to boundary value problems including nonlinear differ-
ence equations with parameters, and illustarte the distribution eigenvalues and eigenfunctions
in some graphics.

Keywords: Discrete multiplicative and additive derivative, Eigenvalue problem, Sturm-
Liouvill problem, Non-linear difference equations
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On a time nonlocal problem for a polyharmonic equation
with involution
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Abstract: Let @ C R"™ be an arbitrary n-dimensional domain with a sufficiently smooth
boundary 92. Let us assume that the domain Q is invariant with respect to the transformation
Sz = —z. Denote by Qr = {(t,z) : 0 < t < T,z € Q}, T the lateral boundary of the cylinder
Q7. Consider the following problem in Qr:

(1) u(t, ) + ao(—A)"u(t, z) + a1 (—A)"u(t, —z) = 0, (¢t,z) € Qr,
(2) u(0,z) + yu(T, z) = ¢(x),
(3) AFu(t,z) =0,k =0,1,...m—1,(t,z) € T,

where v is a real number, ¢(z) is a given function.

Direct and inverse problems for equation (1) in the case m = 1 and v = 0 have been
studied by numerous authors (see, e.g., [1, 2]). In these papers, the well-posedness of problem
(1)=(3) in the case ag > |a1| was proven.

In the present paper, we find all possible values of the parameters ag, a1 and ~ for which
problem (1)—(3) becomes well-posed.
Keywords: involution, nonlocal problem, polyharmonic operator, Navier problem

2020 Mathematics Subject Classification: 35K35, 35K65, 35R30

References:

[1] N. Al-Salti, M. Kirane, B. Torebek, On a class of inverse problems for a heat equation
with involution perturbation, Hacettepe Journal of Mathematics and Statistics, vol.
48, no 3, 669-681, 2019.

[2] B. Turmetov, M. Koshanova, M. Muratbekova, I. Orazov, Direct and inverse prob-
lems for a fractional parabolic equation with multiple involution, Fract. Differ. Calc,
vol. 14, 213-233, 2024.

Bahcesehir University, Tirkiye, Institute of Mathematics and
Mathematical Modeling, Kazakhstan, Ghent University, Belgium



8th International Conference on Analysis and Applied Mathematics 75

An inverse problem for time fractional pseudo-parabolic
equation
Moldir Shazyndayeva

Al-Farabi Kazakh National University, Kazakhstan
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Abstract: In this work, we will discuss the solvability of an inverse problem for the following
time fractional pseudo-parabolic equation :

(1) Dy (u(z, t) + BLu(x, t)) + Lu(z, t) = f(z, 1), z€Q, te(0,7T),
supplemented with the initial condition

(2) u(z,0) = a(x), € Q,

the nonhomogeneous boundary condition encoded by

(3) Bu(z,t) = p(t)h(z) z e, telo,T],

and the overdetermination condition

(4) Pu(t) = e(t). t € [0,T].

Let H be a separable Hilbert space. The inverse problem — consists of finding the pair
of functions :

e p:[0,7] » R and

e u:Qr:=0Qx(0,T) — R,

which to be determined by the given data: functions a(x), f(z,t), h(x), e(t) and a positive
constant 3. Here,L is a second order linear differential operator,B is a linear boundary (trace)
operator B : H7b — Hpq, P is linear bounded functional and Dy* denotes the Caputo frac-
tional derivative of order v € (0, 1).
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Keywords: Inverse problem,pseudo- parabolic equation, Caputo fractional derivative, bound-
ary condition, existence, uniqueness, stability.
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On a generalization of the Robin problem for a nonlocal
analogue of the Poisson equation
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Abstract: Let S be an orthogonal transformation satisfying the condition §! = E,l € N,
where E denotes the identity transformation. In the unit ball 2, we consider the following
boundary value problem:

-1

& 3 ai(—Au)(STe) = f(z),x € Q,
j=0
-1 ou . -1 .
b —(S’x cju(8’z) = g(z),z € 90
@ Tt (0 + L csu(s’a) =)z €

where aj, bj, ¢; are given real constants, while f(x) and g(x) are prescribed functions. We note
that, in [1], the main boundary value problems for equation (1) with the classical Dirichlet,
Neumann, and Robin boundary conditions were previously investigated. The method used to
investigate problem (1)—(2) is based on the decomposition of the function space into a direct
sum of invariant subspaces by means of a system of orthogonal projections. This decomposi-
tion makes it possible to reduce the original nonlocal problem to a collection of classical local
Dirichlet, Neumann, and Robin boundary value problems for the Poisson equation. Conditions
ensuring the existence and uniqueness of a solution are obtained, together with necessary and
sufficient solvability conditions in the case where a Neumann-type problem arises. An integral
representation of the solution is constructed in terms of the Green functions corresponding
to the associated classical boundary value problems. Furthermore, the corresponding spectral
problem is investigated. It is shown that its spectral characteristics are determined by the
spectra of the associated Dirichlet, Neumann, and Robin problems posed in the corresponding
invariant subspaces.

Keywords: involution, nonlocal boundary value problem, Poisson equation with involution,

projector, Dirichlet problem, Neumann problem, Robin problem, Green function, spectral
problem, eigenvalues, eigenfunctions
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On a method of transferring of non-local boundary value
problem for ordinary differential equations of the first
order to the Cauchy problem
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Abstract: In this article a new method for transforming a nonlocal boundary value prob-
lem for a first-order ordinary differential equation into a Cauchy problem with an initial
condition defined at an arbitrary point in the domain is proposed. A fundamental solution of
the considered equation is established, with help which yields two necessary conditions. Using
those conditions, the value of the solution at point ¢, i.e., y(c), is found, that allowing the
transformation of the boundary value problem into a Cauchy problem. The proposed method
provides to easy find as an analytical as well numerical solution of the considered problem.

Keywords: Ordinary differential equation, nonlocal boundary value problem, main relation-
ship, necessary conditions.
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Optimal parameter identification of a discrete gas-lift
process

Atif Namazov
Azerbaijan Technical University, Azerbaijan
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Abstract: The motion of gas in the annular space and the gas fluid in the lift of a gas-lift
well are described by the following system of nonlinear diferential equations, the right side of
which includes a small parameter:
. 2a:p; F; Q2
Qizfﬁy Q(0) = u,
cipiFin— Q3
1)
20 pRRQR
=
FpIF = Q7

where the parameter a; is found from the expression

P(0) = P, i=1,2.

(2) 2a;, = — + s i =1,2.

Wi
Here, g1 and g2 denote the gas release rates, w; and ws are the mixture velocities, A1 and
A2 are the hydraulic resistance coefficients, D1 and D5 are the effective diameters, F; and F>
are the cross-sectional areas, Q; represents the mass flow rates of gas and gas-liquid mixture,
and p is a small parameter.

Investigates the determination of the hydraulic resistance coefficient (HRC) in a discrete
gas-lift process. An asymptotic approach was applied by dividing the well into two sections,
with the reciprocal of the well depth used as a small parameter. The HRC parameters were
identified using the least squares method with Tikhonov regularization to ensure solution
uniqueness. The obtained results are consistent with those from other methods and are close
to the exact solution.

Throughout this note we mainly use techniques from our work [1].

Keywords: Gas-lift process, parameter identification, asymptotic method, nonlinear differ-
ence equations.
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The oscillatory of one class of the high-order
Sturm-Liouville difference equation
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Abstract: In this work, we consider the problem of oscillatory of the higher-order Sturm-
Liouville difference equation

(3) (=D)"A" (prA"Yr) — VeYrtn =0,

where n € N, n > 1, Ay = yrt1 — Yk, P = {Pr}heo 1S @ sequence of positive numbers,
v = {vr } e, is a sequence of non-negative numbers, and N is a set of natural numbers.

The oscillatory properties of the equation are determined by the behavior of its solu-
tions in a neighborhood of infinity. However, since the behavior of these solutions depends
on the behavior of the equation coefficients, the determination of the oscillatory properties of
equation (3] in terms of the coefficients p, v is important. We work directly with the variation
principle |1j. We establish conditions equivalent to the fulfillment of the variational principle,
on the basis of which the oscillatory conditions of the equation are determined.

Our main result reads as follows:

Let R
1
Bn(N) = | _max | (71“(” v 1)!) sup Bhn,i(t),
> 2 : — n—t— 2
Bua®) =3 [ =)0 w3 07t [a =]
k=i j=N

Theorem 1. If limsupy_, ., Bn(N) > 1, then the equation is oscillatory.

Keywords: Sturm-Liouville difference equation, discrete Sobolev space, oscillatory, varia-
tional principle
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Nonlinear integro-differential model of pest population
dynamics with age structure for plant protection tasks
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Abstract:This paper investigates a nonlinear mathematical model of an agroecosystem con-
sisting of three trophic levels (plants, harmful insects, and beneficial insects) that takes into
account the age structure of insect populations. The model is described by the system of
integro-differential equations with partial derivatives (1). Necessary and sufficient conditions
for the existence of solutions to the plant protection problem are established.

Consider the agroecosystem “plant — harmful insects — beneficial insects” with age struc-
ture:

dNy
— Q — aoNo Ny,
7t Q — agNoN1
dNy ~
pral koaoN1 — Vi(N1)N2 — mi Ny,
ON. ON. ~
6t2 + 8a2 = k1Vi(N1)Na — Vo(N2)N3 — maNa2, Nali=o = N2(a),
(1)
ON. ON:
T8 708 gy Va(N2)Ns — eN; —m3N3, Nsli—o = N3 (a),
ot da
oo
Na(0,0) = [ Bl t NN, 0 de,
0
oo ~
Na(0,0) = [ Ba(e,t Ra)Na(6, 0 de,
0

where Ny(t) is external resource, Ni(t) is plant biomass, N;(a,t) (i = 2,3) are age-specific
densities of harmful and beneficial insects; V;(-) are trophic functions; B;(-) are birth rates;
Ni(t) = ffiz‘ N;(a,t) da.

Keywords: mathematical model, agroecosystem, plant protection problem, age structure,
insect population, trophic function, integro-differential equations, pest dynamics
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An efficient high-order numerical method for the
transverse vibration of a damped beam
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Abstract: In this paper, a high-order and unconditionally stable difference method is
proposed for the numerical solution of the one-dimensional damped beam vibration equation
(Euler-Bernoulli beam equation with damping).

We apply a fourth-order compact finite difference approximation for discretizing the fourth-
order spatial derivative of this equation and a fifth-order Padé approximation for the resulting
system of ordinary differential equations. It is shown through analysis that the proposed
scheme is unconditionally stable.

This new method is easy to implement, produces very accurate results and requires short CPU
time. Several numerical examples are included to demonstrate the validity and applicability
of the technique

Keywords: Padé approximation, compact finite difference scheme, unconditionally stable,
damped Euler-Bernoulli beam equation, fourth-order PDE, high accuracy.
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A generalized averages based variational joint image
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Abstract: Image segmentation and registration are tightly coupled tasks, yet many vari-
ational models struggle when object and background intensities vary or when multiple struc-
tures are present. We propose a generalized averages based variational joint segmentation-
registration (GAV-JSR) model that replaces Chan-Vese averages with generalized averages
parameterized by v, and embeds them in a non-rigid registration framework regularized by
linear curvature. This yields an energy functional that (i) remains backward-compatible with
prior NJSR formulations when v = 1, (ii) better handles high- and low-intensity backgrounds
without pre-segmentation, and (iii) produces smooth, realistic deformations suitable for sub-
stantial affine changes. We validate the method on clinical (brain MRI, hand X-ray) and
synthetic datasets, demonstrating consistent improvements over GV-JSR and NJSR base-
lines in both registration error and segmentation quality for example, error drops from 69.1%
to 30.85% on one white backgroud multi-object case while maintaining clear object bound-
aries with across multiple structures along with positive F-measure value shown by suggested
model. These results indicate that integrating generalized averages with curvature-based reg-
ularization provides a robust and accurate solution for monomodal joint segmentation and
registration.

Keywords: segmentation, registration, generalized averages, medical images, synthetic im-
ages
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Abstract: This paper considers mathematical modeling of the process of protecting cotton
agrocenosis taking into account age structure and with arbitrary trophic functions.

Assume that the state of the model agrocenosis is described by the following system of
differential equations [1]:

dNo

l— =Q — agNo N1,
Tt Q oNoN1
dN 5.
dtl = koaoNoN1 — Vi(N1) ZNi+1 — miNi,
i=1
ON,;_ ON,_ - .
o T ga = ki 2ViN)Niy = Via(Ni )Nz + 6Nig2 —miaNir, i =35,
ON; ON; ~ .
2 R 1 Vim i (Nim1)Niga — eNi2+2 —mi42Niy2, 1=3,5,
ot da
Nili=o =N, i=0,7,
N = [T BN 0 g, =27
0
. B4
Ni :/ Ni(ll,t) da, i:277
o

where No(t) is the mass of the external resource at time ¢, Ni(t) is the biomass of cotton, Q
is the rate of external resource supply, N;(a,t) is the biomass (or abundance) of harmful and
beneficial insects of age a at time ¢, B;(+) are the birth rates of harmful and beneficial insects,
Vi (-) is the trophic function, g, m;, ki, e are biological parameters of the populations in the
agrocenosis; t € [0, 7], 7 = const < oo, and a is age, a € [0, c0).

Keywords: mathematical modeling, agrocenosis, age structure, trophic functions, integral
equations, biological control
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Solving a transport problem with fuzzy tariffs on the
example of cargo transportation at the Rogun HPP
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Abstract: This report is devoted to solving the transport problem with fuzzy tariffs on the
example of cargo transportation at the Rogun HPP. A homogeneous cargo is available at m
supply points A; with volumes a; and must be delivered to n demand points B; with volumes
b;j. The cost ¢;; of transporting a unit from 4 to j is minimized:

m n n m
(1) Z:ZZC,;]‘ZU %min, in]‘ = a;, Z:Eij :b]‘, Tij ZO
i=1j=1 j=1 i=1

For fuzzy tariffs ¢&;; = (asj,mij;,bi;) of triangular type, we use defuzzification via level
sets. The deterministic equivalent is:

N
(2) 8(8i) =D wply, Lp= %{(mij —aij (1 —ap)) + (mi; + bi; (1 — ap))}
p=0

The problem is solved by the potential method. For the Rogun HPP case: two suppliers
(18,951 and 41,439 tons) deliver cement to four warehouses (17,019, 4,996, 36,444, 1,931 tons).
Using level sets o = 0.05,0.1, 0.2, 0.3 with weights W = (0.05,0.1,0.15,0.3,0.4), the optimal
plan yields total cost Z = 6,208, 772 somoni.

Keywords: transport problem, northwest corner method, potential method, fuzzy tariffs,
Fuzzy set, optimal plan, triangular membership function
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On the strong solvability of the Laplace equation with a
non-classical boundary condition
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Abstract: This paper is devoted to the question of strong solvability of the following nonlocal
boundary value problem for the Laplace equation in the domain D = (0,1) x (0, h) :

0?u(z,y) N 9?u(z,y)

) e T o @D,
e u(@,0) = p(@),  uleh) =@, <<l
B w0y =uy), O =My taully),  0<ysh

where o, 8 € R, 8 # —1, ¢(z) and ¢(zx) are given functions. The solution to problem (1)-(3)
is sought in a weighted Sobolev space WE,W(D) generated with a mixed norm

h ol 1/p
lullz, . (o) = (/0 /O w(x)lu(m,y)|pdz) dy,

where the weight function w(z) belongs to the Muckenhoupt class A,. The boundary condi-

tions of the corresponding spectral problem are regular, but not strongly regular. For 8 # £1
and a # 0, the spectral problem has only eigenfunctions that do not form a basis in L, [0, 1],
and direct application of the Fourier method is impossible. From the linear combinations of
these eigenfunctions, a new system is constructed, which already forms a basis in Ly [0, 1],
and this system is used to solve the equation under consideration by the Fourier method. In
this work we use the approach from [1].

Keywords: Laplace equation, nonlocal boundary value problem, spectral problem, regular
boundary conditions, eigenvalues, eigenfunctions, basis
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Dilfuza Eshmamatova !'2, Shahlo Fayzullayeva'

! Tashkent State Transport University, Tashkent, Uzbekistan
2y, I Romanowvskiy Institute of Mathematics of the Academy of Sciences of the Republic
of Uzbekistan, Tashkent, Uzbekistan
E-mails: 24dil@mail.ru (D. B. Eshmamatova);
shahlo9785@gmail.com (Sh. A. Fayzullayeva).
Abstract: Discrete predator—prey models are widely used to describe population processes [1,2].

The construction of positively invariant regions is an important step in the analysis of discrete
predator—prey systems [3]. Consider the following model with rational prey growth:

Qp
Tn+1

(1) 14 Ban 4y
Yn+1 = Yn + bTnYn — dyn,

— aTnYn,

where z,,y, > 0 denote the prey and predator populations, respectively, and o > 0, 8 > 0,
¥>0,a>0,b>0,d>0.

Here a characterizes the reproductive potential of the prey, 3, v describe intraspecific self-
regulation, a describes the predator’s impact on the prey, b accounts for predator growth due
to prey consumption, and d denotes the natural mortality of the predator.

Set
az

14 Bz + ~vyx2’
The entire nonnegative quadrant ]Ri is not automatically invariant: if

F(z) =

a
> e —
" a(l + Bxn + 'ngz ’

then x,1 < 0. Therefore, consider the biologically admissible region

Y

«@
Dy = Y ERE: 0<z<K, 0<y< — — 1.
K {(zy) +U=rs *y*a(1+ﬁz+vw2)}

Theorem 1.
Let a>0,8>0,vy>0,a>0,b>0,0<d<1, and

(2) K>-——%
B+ 24

Assume that for all z € [0, K] and z € [0, 1],
(Hp) 2(1 — d + bx) [1 1L BF(2)(1 — 2) + vF2(z)(1 — 2)2] <14 Ba + a2
Then Dy is a positively invariant region for system (1):
(zo,y0) € Dk = (Tn,yn) € Dk for all n > 0.
Since max,>o F(x) = a/(B8 + 2,/7), condition (2) controls the prey component, whereas
condition (Hp) controls the predator component relative to the upper boundary of Dg.
Together, these conditions guarantee positive invariance of the biologically admissible region

and provide a basis for further investigation of fixed points, local stability, and bifurcation
regimes of the system.

Keywords: discrete predator—prey model, positive invariance, invariant region, population
dynamics, rational growth
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Sobolev spaces

Sabina Sadigoval, Tarlan Garayev?, Vafa Alili 2

1 Institute of Mathematics, Baku, Azerbaijan
s-sadigova@mail.ru
2 Karabakh University, Khankendi, Azerbaijan
tarlan.garayev@karabakh.edu.az
3 Baku Slavic University, Baku, Azerbaijan
alilivefa@mail.ru

Abstract: In this work, we present a method for establishing basicity in weighted Sobolev
spaces. Under suitable conditions on the weight function, and assuming that the systems
{sin \pz}nen and {cos Apz}nen form Schauder bases in L, ,(0,7), we establish sufficient
conditions under which the cosine system {cos >\n$}nzo forms a Schauder basis in the weighted
Sobolev space W;,p(o’ ).

This work is supported by the Azerbaijan Science Foundation-Grant no. AEF-MGC-
2024-2(50)-16/02/1-M-02

Keywords: Schauder basis, weighted Lebesgue space, weighted Sobolev space, biorthogonal
system, sine system, cosine system
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On the integral representation of regular solutions to the
heat equation and boundary conditions
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Abstract: Let Q@ C R"™ be a bounded domain with a smooth boundary, Q@ = Q x {t > 0}.

Definition 2.4. The operator L is called a coercively solvable operator of the heat equation
14}

(1) Lu(z,t) = (5 - AI> u(z,t) = f(z,t), (z,t) €Q

if for any f € L2(Q) there exists a unique solution u € W;l(Q) of equation satisfying

the inequality

@ lully21 g < llfllLa)-

We seek a class of regular solutions of equation in the following form
t
a(et) = [ [ etote e ndgar
0 Q

3) t
Oe(x,t,&,7)
+/e<x,t,s,o>¢<s>d5+// TG (e TS
«Q 0 o9
where
(4) e(x,t) := %67%

is the fundamental solution of the heat equation.

Next, using the Riesz representation theorem for linear functionals, we derive a unified
integral representation of the solutions and find the boundary conditions. For this purpose,
we apply the method developed by the authors in [1], [2].

Keywords: heat equation, fundamental solution, boundary condition.
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Abstract: We consider the abstract Cauchy problem

dl;it) ¥ Aut) = f(£), ¢>0,

u(0) =0,

where A is a closed linear operator in a Banach space X with dense domain D(A), and

f belongs to a Bochner-Luxemburg space F(Ry; X). The space F(Ry) is assumed to be
rearrangement invariant, with Boyd indices ap and Br satisfying

0<(XF§BF<1.

We define maximal F-regularity by requiring that, for every f € F(R4; X), the corresponding
solution satisfies

d
d—? € F(Ry;X),  Au€ F(Ry;X).

The main result is obtained by transferring the classical maximal L,-regularity result to the
rearrangement invariant setting. For this purpose, we use Rp-bounded families of operators
and the relation between R,-boundedness and Rp-boundedness. If X is a UMD space and A is
sectorial with spectral angle less than 7 /2, then the existence of maximal Ly-regularity for one
admissible exponent implies maximal F-regularity. More precisely, it is sufficient that one of
the standard equivalent L,-regularity conditions holds, including R,-boundedness of the cor-
responding resolvent family or R,-sectoriality of A. Thus, the result applies simultaneously to
a broad class of rearrangement invariant spaces, including Lebesgue, grand Lebesgue, Orlicz,
Lorentz and Marcinkiewicz spaces. The obtained framework also covers Bochner-Luxemburg
spaces and provides a convenient setting for further applications to elliptic operators in sym-
metric function spaces.

Keywords: abstract Cauchy problem, maximal regularity, rearrangement invariant spaces,
Boyd indices, sectorial operators, UMD spaces
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Abstract: The paper is devoted to the investigation of the second order differential equation
of the Riemann-type with three singular points

(1) d>w 1-— ril) + ’I";l) " 1-— ng) —+ r;z) n 1—- 7‘§3) —+ rég’) dfu)
dz?2 zZ— a1 zZ — as z—as dz
(1),.(1 2) (2
n (rl )r2 )(al —a2)(a1 — as) n 7‘§ )Té )(ag —ai)(az — a3)+
zZ — ai zZ —az
+r§3)r§3)(a3 —a1)(az — a2) 1 w—0
z —as (z —a1)(z —a2)(z — as) ’
where rij)(i = 1,2;j = 1,2, 3)-are the roots of the indicial equations corresponding to the

singular points a1, a2, az and these roots satisfy the Fuchs condition
(2) rgl) + rél) + 7‘§2) + ng) + 'r§3> + r;a) =1.
and many singular points

@ W+ (Zl—ar—m>w/ N < B +ZZE’T )w ~
r=1

=1 Z0r = (2 —ar)? —Or

where «,., 3, are the roots of the indicial equations corresponding to singular points a,., and
the following conditions are satisfied

@ S +B)=n—-2,> E. =0, (arEr+anfy) =0,
r=1 r=1 r=1

n

> (2B + 2ara,8,) = 0.

r=1

In the work, a three-pointed differential operator and n-pointed differential operator are
introduced, and with the help of these operators, second-order operator-differential equations
constructed. Further, it is shown the equivalence of the constructed operator-differential
equations to the second-order Riemann equations with three and n singular points, but only
with the distinction that the Fuchs condition is replaced by a Fuchs-type condition with
zero right-hand side. It is also obtained the explicit solutions of the second order operator-
differential equation with three and many singular points.

The classical results about these type equations was obtained in works [1] — [5].

Keywords: differential equation, Riemann-type differential equation, singular point, charac-
teristic equation
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Let © = [0,1] X [0,T] be a rectangle, and let a;(z,t) € C(Q), i = 0,3. We consider the
differential operator L defined by the equality:

Lu = Ugtt — QoUzE — A1UL — A2UL — A3U.

We study the following nonlinear boundary value problem in the domain Q:
() Lu= f(t,u), u(0,t) =0, u(z,0)=u(z,T), u(z,0) = ua,T).
where the function f(t,u) : [0, T] x R! — R!. In what follows, we assume that f is continuous
on [0, 7] % R! and satisfies the Lipschitz condition with respect to u; that is, there exists a
constant L > 0 such that
(2) [f(w) = fEu)] < Llu—ul.
for any t € [0,T] and u,u; € R'.

We further assume that problem (1) has a unique classical solution, provided that the
Lipschitz constant L is sufficiently small.

For this purpose, we make essential use of a result derived from work [1], which provides

a uniform estimate for the solution of problem (1) and all its derivatives in the linear case.

In this work, the following theorem is proved:
Theorem. Assume that f is continuous on [0, T] x R! and satisfies the Lipschitz condition
(2) on u and
LK <1,

then problem (1) has a unique classical solution u(z,t) € C3(2). Where the constant K is the
coefficient bounding u in the linear case in [1]. C3(Q) is the space of functions u such that w,
Ut, Uy, Ugt, and Ugy are continuous on Q and equipped with the norm

lulls = max_{|u(z, )], luc(z, )], lua(z, )], [uce(@, )], lucee(z, )]}
(z,t)eQ

Keywords: pseudoparabolic equation, uniform convergence, small parameter, perturbation.
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A coupled dynamical system for the social facilitation of
eating: stability and transient network effects
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Abstract: The social facilitation of eating, defined as the increased food consumption ob-
served when individuals are in the company of others has been represented in models as a
scaling factor. This approach does not capture the dynamic effects of companions and the
relationships in their network. We develop a coupled system of k nonlinear differential equa-
tions for the food intake FE;(t) of each agent, parameterized by the agent’s satiety Fmax,i,
eating rate 6;, and meal duration r;:

_ 0:9(t)
COE2 (L a(D)

max,i

(1) E; (Emax,iT + 9i(t)E;) (Emax,:T — E;) ,

with g;(t) = (Fi(t)r;)°*°. Social facilitation acts as a state variable Fj;(t), which decays
at rate A toward a level determined by the unconsumed capacity of companions within a
familiarity network S;; € [0, 1] and the coupling strength a > 0:

B A=A (ro [t 22 Y s (1= 22)] - ).
N

max,j

The equation simplifies to an individual agent model when k = 1 and remains bounded across
all parameter values, as intake growth diminishes to zero whenever E; — Enax,:T, irrespective
of F;. This term ensures the Jacobian of the coupled system adopts a block lower-triangular
form at the satiety equilibrium of the group: at that point, facilitation cannot feed back into
intake, so the spectrum remains negative for any « and any network S, thus precluding a
Hopf bifurcation. Applying nonlinear simulation revealed a transient rise and decline in social
facilitation whose magnitude depended on the network position rather than on group size
alone. Consequently, the model represents heterogeneous social effects that a scalar parameter
for group size would not be capable of capturing.

Keywords: social facilitation of eating, coupled nonlinear ODE systems, multi-agent dynam-
ical models, local stability analysis, Jacobian, boundedness, mathematical biology

2020 Mathematics Subject Classification: 34D20, 92B05, 37TN25

References:

[1] D.M. Thomas, C.K. Martin, S. Lettieri, C. Bredlau, K. Kaiser, T. Church, S.B.
Heymsfield, C. Bouchard, A new universal dynamic model to describe eating rate
and cumulative intake curves, American Journal of Clinical Nutrition, vol. 105, no.
2, 323-331, 2017.

[2] V.I. Clendenen, C.P. Herman, J. Polivy, Social facilitation of eating among friends
and strangers, Appetite, vol. 23, no. 1, 1-13, 1994.

[3] M.E. Young, K.L. Mizzau, N.T. Mai, A. Sirisegaram, M. Wilson, Food for thought.
What you eat depends on your sex and eating companions, Appetite, vol. 53, no. 2,
268-271, 2009.

Bahcesehir University, Tirkiye, Institute of Mathematics and
Mathematical Modeling, Kazakhstan, Ghent University, Belgium



8th International Conference on Analysis and Applied Mathematics 93

Age-structured Bayesian SIR modelling with
reversible-jump MCMC: a comparative study of two social
contact matrix projections
Robyn Irawan', Benny Yongl'*, Erin Andrea Ramadhani Pramono®, Neilshan Loedy2,
Farah Kristiani®
L Center for Mathematics and Society, Faculty of Science, Parahyangan Catholic
University, Bandung, Indonesia
robynirawan.tjia@unpar.ac.id

2 Data Science Institute, I-BioStat, Hasselt University, Hasselt, Belgium

benny-y@unpar.ac.id (corresponding author)

Abstract: We develop a fully Bayesian age-structured discrete-time stochastic SIR model in
which the transmission rate ;(t) and recovery probability v;(t) for age group i are piecewise
constant, with the number and location of changepoints treated as unknown. For n, age
groups with populations N; and a contact matrix C = (Cj;), the force of infection is

(1) i) = B:(t) Y Ci1w7
j

=1

1=1,...,nq.

Estimation is carried out through reversible-jump Markov chain Monte Carlo (RJIMCMC) cou-
pled with a Product Partition Model (Barry and Hartigan [1]), extending the single-population
changepoint framework of Gu and Yin [2| to the age-structured, contact-matrix-coupled set-
ting. We apply the model to Indonesia’s 2022 Omicron BA.2 wave using two independently
generated contact matrices, the Bayesian hierarchical projection of Prem et al. |3] and the
Poisson generalised additive model of Tierney et al. [4], under both a two-group and a three-
group age stratification — four configurations in total. All four RIMCMC runs independently
converge on a single structural changepoint within a two-to-three day window, without any
prior specification of its number or location. We further establish an identifiability result for

this class of models: if two contact matrices satisfy Zj C’i(;) =p ZJ CS) for a row-wise scalar
p, then the two parametrisations produce the same likelihood whenever ,6’52) = Bl.(l)/p, so that
only the product 3;(t) x 27. Cj; is estimable from aggregate incidence data. This is confirmed
empirically: the product is conserved across the two independently generated contact matri-
ces to within 1.3-1.5% in every model configuration, despite the matrices themselves differing
substantially in total contact rate. The result gives a precise account of what is, and is not,
identifiable in contact-matrix-coupled compartmental models.

Keywords: age-structured epidemic model, reversible-jump MCMC, Product Partition Model,
changepoint detection, social contact matrix, parameter identifiability
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Abstract: In this paper, we investigate the existence of nonnegative radial solutions for
a semipositone semilinear elliptic boundary value problem of the form -Au = Af(u) in Q,
with uw = 0 on 9%, where 2 is the unit ball in R", n > 2, and A > 0 is a parameter. The
nonlinearity satisfies the semipositone condition f(0) < 0, which creates analytical difficulties
since the maximum principle cannot be directly applied near the origin.
Assuming that f € C(RT,R) has exactly one positive zero, is convex and satisfies suitable
superlinearity and growth conditions, we analyze the structure of radial solutions. Using
radial symmetry, the problem is reduced to an ordinary differential equation. We apply the
shooting method and study the qualitative behavior of the associated initial value problem.

Keywords: Semipositone problem, Radial solutions, Elliptic equation, Shooting method.
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Noetherness of oblique derivative problems in weighted
spaces of harmonic functions
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Abstract: We study the Noether property of an oblique derivative problem for the Laplace
equation in the unit disk within weighted spaces of harmonic functions. Let D = {z € C :
|z| < 1} and T' = dD. For a Muckenhoupt weight p € A,(T"), 1 < p < oo, we consider the
weighted Lebesgue space Ly, (I") and the corresponding harmonic space h;l;‘)). The boundary
value problem is

(1) Arpu =0, (r,¢) € D,
o 3

(2) ~* (Coswl+sinwl> = f(o), ¢ € [-m,m),
or Oy

where f € Lp,,(T") and
8u 10u 1 0%u
or2 ror  r29p2’

Here h;l;zj consists of harmonic functions whose radial and angular derivatives belong to hy,,.

Appu =

The main result states that, for every p € A,(T"), the above oblique derivative problem is
Noetherian in hfplz) Moreover, its index is equal to —2. Thus, the result establishes the
Fredholm-type solvability structure of the problem in weighted harmonic spaces.

Keywords: harmonic functions, oblique derivative problem, weighted spaces, Muckenhoupt
weights, Noether operator, index.
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Pre-compactness of sets in the discrete Morrey-type
spaces

Dauren Matin ', Gulmira Kenzhebekova'

Y L.N. Gumilyov Eurasian National University, Astana, Kazakhstan
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Abstract: Let m € Z, N € w := NU{0}, and write S;, v :={m—N,...,m,...,m+N}.
Then |Sm,n| = 2N + 1 — the cardinality of Sy, n. (It is independent of m, but we write
it in the subscript to keep track of the set.) Let K be Ror Cand 1 < p < ¢ < co. We
denote by £ = £5(Z) the set of sequences x = (zx)rez taking values in K such that Hz”e{; =

1
SUD,, ez, New \Sm,N\%ié (Zkesm_N |xk|p> P < oo. Clearly £7 is a vector space, which we
shall call a discrete Morrey space. We remark that when p = q, we have Eg = (P, the space of
p-summable sequences with integer indices. For a sequence z to be in Zs, x has to have some
decay, but not as fast as those in ¢P. In general, for p < q, Zfz’ is a larger space than ¢P, as we
shall see below. In the following theorem we establish conditions for the pre-compactness of
sets in discrete Morrey space.

Theorem 2.5. Let 1 < p < g < oo and let £ = (7(Z) be the discrete Morrey space. A subset
F C Ef; is relatively compact (precompact) in 65 if and only if the following conditions are
satisfied:

(i) (Boundedness) F is bounded in {f, i.e., sup,cx ”I”zg < oo.
(ii) (Vanishing at infinity uniformly in F) For every € > 0 there exists R > 0 such
that

1

_1
P Z |2k |P <e.

k€Sm N

Q=

sup sup |Sm,N|
TEF mEZ, NEwS,y, NN{kEZ:|k|>R}#L

(iii) (Tightness on finite windows) For every fized finite interval I C Z, the set of
restrictions { (xi)ker : © € F } is relatively compact in K!.

In particular, of F is bounded in @f; and satisfies the uniform wvanishing at infinity
condition (ii), then F is relatively compact in £}.
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On the lattices generated varieties
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Abstract: The main result is the determination of an equational basis for the variety of
lattices generated by a finite non-modular and non-semidistributive lattice. It is established
that the resulting quasivariety is a variety defined by three identities. Structural constraints
are determined for minimal non-trivial covers of join-irreducible elements in lattices satisfying
the weak modularity identity, and the possible closures of individual join-irreducible elements
are described.

Keywords: variety, finite lattice, quasivariety, non-modular lattice, non-semidistributive lat-
tice.
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A characterization: fixed points and weak compactness in
WL ((a,b) U (c,d). )
S. Monica!
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Abstract:Let Q = (a, b)U(c, d) be the union of disjoint open intervals in R and (€2, 2, 1) be
a finite measure space. We examine the Sobolev space Wl’l(Q, 1) equipped with its standard
norm and establish a precise characterization of weak compactness for closed, bounded and
convex subsets of W11 (Q, ). It is formulated in terms of the existence of fixed points for
specific classes of affine, uniformly Lipschitz mappings.

Keywords: Weak Compactness, Sobolev Space, Lipschitzian mapping
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Boundedness and integral inequalities for Sonin-type
fractional integral operators on Morrey spaces
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Abstract: This work develops a functional-analytic framework for Sonin-type fractional
integral operators acting on Morrey spaces. Let k be a locally integrable kernel admitting
an associated kernel £ such that the pair (k, £) satisfies the Sonin convolution relation. The
corresponding generalized fractional integral operator is defined by

) (Skf) () = / " k(x — 1) F (1) dt.

‘We investigate the mapping properties of Sy in Morrey-type spaces, with particular emphasis
on the interaction between the nonlocal structure of the kernel and the local scale-sensitive be-
havior encoded by the Morrey norm. Under appropriate size and integrability assumptions on
the Sonin kernel, sufficient conditions are established for the boundedness of Si between suit-
able Morrey spaces. The resulting estimates are subsequently employed to derive a family of in-
tegral inequalities associated with Sonin-type operators. The proposed approach is formulated
at the kernel level and therefore does not depend on a particular power-law representation.
Consequently, suitable choices of the kernel recover important fractional integral structures as
special cases and provide corresponding reductions of the obtained estimates. This establishes
a unified connection between Sonin-type fractional calculus, operator-theoretic estimates, and
scale-sensitive function spaces. The results provide an analytical basis for studying a broader
class of nonlocal integral operators and may be useful in the analysis of fractional integral

and differential problems exhibiting memory and multiscale effects.

Keywords: Sonin kernel, Sonin pair, generalized fractional integral operator, Morrey spaces,

boundedness, integral inequalities, nonlocal operators
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Subword pattern statistics in Carlitz and palindromic
compositions
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Abstract: A composition m = w7y - - - T, of a positive integer n is an
ordered collection of one or more positive integers whose sum is n. The
number of summands, namely m, is called the number of parts of w. A
composition with distinct adjacent parts is called a Carlitz composition,
while a composition that reads the same forwards and backwards is called
a palindromic composition. We study pattern statistics in these classes of
compositions by enumerating them with respect to the number of occur-
rences of a consecutive subword pattern 7 and the sum of the first entries
in these occurrences. Using multivariate generating functions and linear
algebraic methods, we obtain formulas that simultaneously encode these
statistics. In particular, we derive explicit generating functions for several
short patterns in Carlitz compositions, palindromic compositions, Carlitz
palindromic compositions, and their k-Carlitz extensions. These results
provide a unified framework for studying refined pattern enumeration in
restricted classes of compositions.

Keywords: Subwords, generating functions, Carlitz compositions, palin-
dromic compositions, Cramer’s method.
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Existence and uniqueness of an inverse source problem for
a degenerate mixed-type equation with a variable
coefficient
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Abstract: We investigate an inverse source problem for the degenerate
mixed-type partial differential equation

(1) Uyy + (sgny)|y[" e = f(2),  m >0,

in the rectangular domain Q = {(z,y) : 0 < z < 1, —a < y < 8}, where
both the solution u = u(z,y) and the source term f = f(x) are unknown.
The problem is supplemented by homogeneous Dirichlet conditions in the
z-direction, prescribed boundary data at y = —a and y = (, and an
additional condition for u, at y = —a. Related inverse problems for mixed-
type equations were studied in [1}2].

Applying the method of separation of variables and the Fourier method,
we reduce the inverse problem to a sequence of ordinary differential equa-
tions whose solutions are expressed in terms of Bessel and modified Bessel
functions. Explicit reconstruction formulas for the Fourier coefficients of
the unknown source and the corresponding solution components are de-
rived. Sufficient conditions ensuring the non-vanishing of the characteristic
denominators are established. Under these conditions, the existence and
uniqueness of a classical solution are proved. Moreover, uniform estimates
for the Fourier coefficients and the solution components are obtained, which
imply the absolute and uniform convergence of the corresponding Fourier
series together with their required derivatives.

Keywords: inverse source problem, degenerate mixed-type equation, Fourier
method, Bessel functions, characteristic denominator, existence and unique-
ness.
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On the Fourier transform of functions from the
mixed-metric Lorentz space L3 ;
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Abstract: Abstract: This extended abstract is devoted to Bochkarev-
type inequalities for the Fourier transform and to sharp logarithmic esti-
mates in Lorentz spaces, with particular emphasis on mixed-metric Lorentz
spaces on [0, 1]? and on R2.

1. Mixed-metric Lorentz space Definition 1.

Let p = (p1,p2) and 7 = (r1,r2) satisfy 0 < p; < oo and 0 < r; < oo.
The mixed-metric Lorentz space L,;yf([O7 1]2) is defined as the set of all
measurable functions f on [0, 1]? for which the quantity

1z = |

is finite. More explicitly, for 0 < 7 < oo,

' ! a1 an)
T1
111z, = / ty/™ (/ (87 7 1,) ) dz2)
0 0 tl tg

and for 7 = oo,

10z, 7, o) ‘Lm,muo,u)

”fHLﬁ,oo = tSutp t}/lﬂl té/PQ f*l*Q(thtz),
1,t2

where f*! and f*1*2 denote successive non-increasing rearrangements with
respect to the variables.

2. Fourier coefficients in L, ;([0,1]?)

Theorem 1. Let

(I)mhmz (1’1,552) = Pm, (1’1) d}mz ($2)7 mi, Mo € Na

be an orthonormal system on [0,1]? which is uniformly bounded in L.,
ie., [[emlloc < My and [[¢p]|ec < M. Then for every f € Lo ([0,1]%)

with 2 < 71,79 < 0o the following inequality holds:

1 ~
Sup ~ Sup 1_ 1 1_1 Z Z |f(k1’k2
41128 14128 |A1[1/2 | A2|1/2 (logy(|A1] +1))2 771 (logy(|A2] +1))27 ™2 4i2A, ke,
<9M ”fHLz,w

~

where M = (M + 1)(Mz + 1) and f(kq, k2) are the Fourier coefficients of
f with respect to the system { @, m, }-

3. Bochkarev-type inequality for the Fourier transform in
Ly - (R)

Theorem 2. Let

N
Ry = {A = U A; . A; are intervals in R} .

T—1

AN 7
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1 —~
sup sup —|/ 7o d5| < 23)|f 1.
N>8 AC(N) |A|1/2 (10g2(1 + N)) 2 A

_1
=

4. Two-dimensional Fourier transform

Definition 2. Let f € L1(R?). The two-dimensional Fourier transform
of f is defined by

oo

Fl&,6) = / /f(I17I2)62m(m151+x252>d:z:ldzg.

— 00 —O0
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Lemma 1. Let % < q1,q2 <2and f € L@Q(RQ). For any measurable
sets A and A of finite measure in RV the following inequality holds:

1 .
su sup ————— , déi d
AngN Azcﬁj\, |A |/ Ay 14 /A1 AJf(fl &2)| d&; dés

<c (2@1‘11_1))("11_%) <2(qq_1))< ) 1£lle,..

6. Main theorem for the two-dimensional Fourier transform

Theorem 3 (Main theorem) Let 2 < ry,75 < oco. Then for every
[ € Lo ~(R?) one has

1
sup  sup — AL
E ‘122‘58 |AL|/2 | 4172 (logy(|As] + 1)) 7777 (logy (| 2| +1)2 772 /s

< fllzs -
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A variable space grid explicit finite difference method for
nonlocal boundary value problems with deviated
arguments
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Abstract: This work presents a variable space grid (VSG) approach
based on the explicit finite difference method for solving a nonlocal bound-
ary value problem with deviated arguments.

The proposed numerical scheme is developed and validated through a
series of numerical experiments. The computed results are compared with
the corresponding exact solution and exhibit excellent agreement, demon-
strating the accuracy and reliability of the proposed method. Furthermore,
the convergence of the numerical solution toward the exact solution is veri-
fied as the mesh is refined. In addition, the stability of the proposed scheme
is analyzed using the von Neumann stability criterion.

Keywords: Numerical solution, Non local partial differential equation,
Deviated boundary condition, Variable space grid method
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Spectral properties of a second-order differential operator
with the spectral parameter in the boundary conditions
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Abstract: We consider the spectral problem for the second-order dif-
ferential operator

(1) L(y) = —y"(z) = y(z), 0 <z <1,
subject to the boundary conditions

(2) y(0) =0,

3) AYi(y) + Yo(y) =0,

where

(4) Yi(y) = any'(0) + aiy’(1) + aizy(0) + aiay(1)

are linear boundary forms.

The spectral properties of boundary value problems for equation (1)
without the spectral parameter in the boundary conditions have been exten-
sively investigated in the literature [1]. However, introducing the spectral
parameter into the boundary conditions substantially changes the structure
of the characteristic equation and the spectral properties of the problem,
which requires a separate investigation.

In the abstract, we study the spectral properties of the boundary value
problem (1)—(3), where the spectral parameter enters one of the boundary
conditions linearly. A classification of the problem into regular and irregular
cases is established in terms of the coefficients of the boundary condition
(3). The asymptotic behaviour of the eigenvalues and the properties of the
corresponding eigenfunctions are investigated.

Funding: This work is supported by the Committee of Science of the
Ministry of Science and Higher Education of the Republic of Kazakhstan
(Grant No. AP23485279).

Keywords: Ordinary differential operator, nonlocal boundary conditions,
spectral parameter in the boundary conditions, spectral properties, regular
boundary conditions, irregular boundary conditions
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G. Hajiyeva, On spectral properties of one discontinuous
second-order differential operator with a spectral
parameter in discontinuity conditions
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Abstract: Consider a spectral problem with a point of discontinuity

(1) W(y) = =" (=) = My(z), =€ (07 %) U (% 1) ,
a1y’ (0) + aoy(0) =0,
B1y' (1) + Boy(1) =0,

: /(1) 5 (5+9)
£(5) o (o) =am ().

where ) is a spectral parameter, |ag|+|ag| # 0, |B1|+|Bo| # 0, m # 0 are a
complex numbers. Such type of spectral problems were investigated in the
papers [1], when instead of the boundary conditions a;%3’(0) + aoy(0) = 0
and £y (1) + Boy(1) = 0 were taken y(0) = y(1) = 0, and in the work [2]
were taken y'(0) = y/(1) = 0 and theorems on completeness and minimality
were proved. We will prove theorems on completeness, minimality, basic-
ity of eigenfunctions of the spectral problem in L,[0,1] € C and L,[0, 1]
Lebesgue and MP%[0,1] @ C and MP-+[0, 1] Morrey type spaces.

This work was supported by the Azerbaijan Science Foundation-Grant
No AEF-MGC-2024-2(50)-16/02/1-M-02.
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Keywords: discontinuous differential operator, spectral parameter, eigen-
values, eigenfunctions, asymptotic formulas
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A stable second order difference scheme for numerical
solution of the source identification problem for
telegraph-parabolic equations
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Abstract: We construct a second order of accuracy difference scheme for
the approximate solution of a source identification problem for telegraph-
parabolic equations with an unknown spacewise dependent source term

(1) u’(t) + o/ (t) + Au(t) =p+ f(t), 0 <t <1,

(2) u'(t) + Au(t) =p+g(t), -1 <t <0,

3)
w(0+) = u(0-), v'(0+) = v (0-), u(=1) =¢, u(\) =19, -1 <A< 1.

The problem is considered in a Hilbert space H with a self-adjoint positive

definite operator A satisfying A > §I, where § > 0‘72 > 0 (see [1]). A first-
order of accuracy difference scheme for this problem was studied in [2].

The main goal of this work is to establish the unique solvability of the
constructed second order of accuracy difference scheme and derive stability
estimates for its solution. As applications of the abstract results, we obtain
stability estimates for the solutions of second order of accuracy difference
schemes for the approximate solutions of two source identification problems
for telegraph-parabolic equations. We also discuss numerical procedures for
implementing these difference schemes and provide an error analysis based
on numerical results for simple test problems.

Keywords: Source identification problem, telegraph-parabolic equation,
stable difference scheme
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Abstract: In recent years, machine learning methods have been increas-
ingly used in Earth sciences due to their ability to model complex, multidi-
mensional, and nonlinear patterns [1]. Algorithms such as Multilayer Per-
ceptron (MLP) and Extreme Gradient Boosting (XGBoost) demonstrate
high efficiency in forecasting and classification tasks. These methods allow
for the effective integration of various data types, including geochemical,
geological, and remote sensing data, and improve the accuracy of detecting
subtle and hidden anomalies.

However, machine learning models often require large datasets and rig-
orous preprocessing; furthermore, they may be less interpretable from a
geological perspective compared to classical geostatistical approaches. Ma-
chine learning is successfully applied across various Earth science disci-
plines, including hydrogeophysics, seismology, and seismic exploration. These
studies demonstrate the efficacy of data-driven approaches in identifying
significant patterns within complex geological and geophysical datasets.
Thus, there is a growing need for a comprehensive comparison between
classical interpolation methods and modern machine learning approaches
in the context of geochemical anomaly detection. A thorough understand-
ing of the strengths and limitations of each method is essential for selecting
the appropriate tools for mineral exploration.

This paper investigates the mathematical aspects of machine learning
methods used to detect and predict geochemical anomalies in ore-bearing
regions. The research evaluates their effectiveness in terms of accuracy,
sensitivity to local changes, and suitability for geological interpretation,
while also exploring the potential benefits of combining these approaches.

Keywords:machine learning, geochemical anomalies, mineral exploration,
geological data analysis, geospatial data classification, prediction
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Abstract: The following second-order singular differential equation is con-
sidered in this submission:

(1) Loy = —s(z) (p(@)y) + 7 (2)y + q(x)y = f (),
where z € R = (—o00, +0), s, 1, p are smooth functions, and ¢ is continuous,
f € Ly (R). By L we denote the closure in Ls (R) of the operator

Loy = —s(z) (p(x)y) +r(x)y + q(z)y,

defined on the set C(()2) (R) of twice continuously differentiable functions
with compact support. An element y € D(L) which satisfies the equality
Ly = f, we call the solution of equation (1).

The singularity of the second-order differential equation (1) means that it
is given on an infinite interval and its coefficients are unbounded functions.
For equation (1) we consider the following issues:

a) the existence and uniqueness of the solution y,

b) the fulfillment of the following inequality for the solution y:
2) [ ewy'[, + 1/, + N+ layll, < € U1

Also, we give one application of the estimate (2).

Equation (1) in the case of s = p = 1 and r = 0 is a Sturm-Liouville
equation and it has been widely studied. The problem of obtaining inequal-
ity (2) for the Sturm-Liouville equation was investigated in the works of
B. Everitt and W. Geertz, M. Otelbaev, K.Kh. Boymatov and others. A
natural extension of the studies above is to study problems a) and b) for
equation (1) in the case when the coefficients s and p may be unbounded
functions. It is also important to describe the simultaneous influence of all
the coefficients s, p, 7, ¢ on the issues considered, while retaining, as far as
possible, their independence from each other.

This research was funded by the Science Committee of the Ministry of
Education and Science of the Republic of Kazakhstan (Grant No. AP23488049).

Keywords: differential equation, generalized solution, closed operator,
existence of solution, uniqueness, maximal regularity
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Abstract: The abstract nonlocal boundary value perturbation problem

e2u” (t) + Au(t) = f(1),0 <t < T,

u(0) = au(T) + ¢,

W' (0) = B (T) +
for hyperbolic equations with the self-adjoint positive definite operator A
in a Hilbert space H and an arbitrary small € € (0, c0) parameter multiply-
ing the highest derivative term is considered. The asymptotic solution to
the problem is presented. A uniform high-order two-step difference scheme
corresponding to this problem is obtained. This work covers the general
perturbation theory of uniform difference schemes on hyperbolic partial
differential equations. The theoretical results are verified by the numerical
implementations using Matlab. The error results of the numerical experi-
ments are presented.

Keywords: Hyperbolic perturbation problems, nonlocal conditions, as-
ymptotic formulas, uniform difference schemes
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Abstract: We introduce

Definition 2.1. Denote by V1(0,1) and V2(0,1) the Hilbert spaces endowed
with the inner products and the norms

(W (), ' () 120, ¥, v EWH(0,1),

(1) Vi(0,1) :
}1/2

lullvi ) = [(w' (@), v () 2200,

((1,0) = (0" (@), 0" (@) 0y Vv EW(0,1)
lullvaon = [((u(@), u(@)]"?.
We consider the following family of spectral problems:

XV(2) + uX(z) = -2X"(x), =z€(0,1),
X(0)=X(1)=X'(0)=X'(1)=0, peR

(2)  V2(0,0):

3)

for which the following theorem holds true

Theorem 2.2. For each fived value of the parameter u € R, the spectral
problem has a countable spectrum {\,,, n € N} with a single limit point
A = +o00. The corresponding system of eigenfunctions {X,(x), n € N} C
Va(0,1) forms an orthogonal basis in the space V1(0,1) ().

Throughout this note we mainly use techniques from our works [1-7].
This theorem is used to construct a basis in the 3-D space of solenoidal
functions.
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Abstract: Let 2 C R” be a bounded simply connected domain with smooth boundary
0.

Dirichlet problem. To find the regular solution of the Laplace equation

(1) —Au=f(z), z€Q,
satisfying the boundary condition
(2) ) 5 = 0.
The function G(z,y) is called the Green’s function of the Dirichlet problem if
3) u(w) = | Gla)sw) v
where
(4) —AsG(z,y) =6z —y), G(z,9)],cpq =0

Theorem 2.3. The Green function of the Dirichlet problem in the domain of Q) is given
by the formula

(5) G(z,y) = x-G (z,y) — x+G T (z,y),
where
_ 5} _
(©) G @) =)+ [ ewOsey, sea =0,
o9 Ong
+ 2 + ™
(7) G (Cl?,y) = T€(1‘7£)€(£7 y)7 zeQT =R \Q’
o0 Ong
here BL* is the derivative on the external normal to 02~ , and OL* is the derivative
n n
3
on the normal to QT
® 1 zeq _f1 zeat
70 zeat’ 70 zea-
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Abstract: The corona theorem is a result about the spectrum of the bounded holo-

morphic functions on the open unit disc D, conjectured by Kakutani [1] and proved by
L. Carleson |2|. Elementary formulation of corona theorem is that if f1,..., fn is a finite

set of functions in H(D) satisfying Y lfix)] = e >0, z € D, then there are
functions {g;}?_, in H(D) with iy fi(2)gi(2) = 1, z€D.

In 1968 Fuhrmann |3| extended Carleson’s corona theorem to the finite matrix case. In
1980 Rosenblum [4] and Tolokonnikov [5] proved the corona theorem for infinitely many
generators n =. This was further generalized to the one-sided infinite matrix setting by
Vasyunin in 1981 (see [6]). Finally Treil |7] showed in 1988 that the generalizations stop
there by producing a counterexample to the two-sided infinite matrix case. Trent and
Zhang (8| extended the matricial corona theorem of Fuhrmann and Vasyunin to more
general algebras of functions which satisfy a corona theorem. In |9, Trent and Zhang
proved a similar extension of the matricial corona theorem of M. Andersson [11] to the
same algebras of functions satisfying a corona theorem.

This report is devoted to a noncommutative version of the corona theorem for fi-
nite subdiagonal subalgebras in Arveson’s sense and its applications to noncommutative
Hardy spaces HP associated with a finite subdiagonal subalgebra.

Keywords: corona theorem, subdiagonal subalgebra, noncommutative Hardy HP-spac,
finite von Neumann algebra.
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Abstract: In this paper, we study the initial value problem for a coupled system
of nonlinear Klein—-Gordon equations with rational terms under Neumann boundary
conditions. We establish the existence and uniqueness of solution for the difference
scheme and prove the associated energy conservation law. A difference scheme of second
order accuracy is presented for the approximate solution of this problem. Numerical
results for the one-dimensional coupled nonlinear hyperbolic equation are presented.
Finally, a numerical example is given to confirm the theoretical analysis.

Keywords: Nonlinear hyperbolic equations, coupled Klein—Gordon system, differ-
ence scheme, stability, Hilbert space.
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Abstract: In this study, we investigate the operator
A%y = (a(x)uz)z +u(z),1, 0 <z < 1,
where domain of A® is
D(A®) = {u € C?[0,1] : u(0) = 0,4/ (0) = '(1) + pu(1)},
u >0, a(0) =a(l), a(xz) = dp > 0 is continuously differentiable function defined on [0, 1].
We construct the Green function of A*. We also obtain the estimates for the Green
function. We prove the positivity ([1]) of differential operator A* in C|0, 1]. Furthermore,
we investigate the structure of the interpolation spaces F(C|0,1], A*). In addition, we
prove that for each a € (0,1/2) the norms of the interpolation space En(C|0,1], A*) and
the Holder space C2%[0, 1] are equivalent. Hence, we also prove the positivity of A® in
Cc?2[0,1].
To apply the our theoretical results, we consider the non-local boundary value prob-
lems of parabolic type
ve(z,t) — (a(z)vz)z + ov(t,z) = p(z,t),0 21,0< 2 < 1,0< t < T,
(1) v(z,0) = P(2),0 <z < 1,
0(0,£) = 0,v2(0,) = va (1, t) + po(1,1),0 < t < T,

ve(z,t) — (a(z)vz)z + ov(t,z) = p(z,t),0 21,0< 2 < 1,0< t < T,
(2) v(z,0) =v(z,T),0 <z < 1,
0(0,) = 0,v2(0,t) = va(1,t) + pv(1,£),0 < t < T,

where p is a fixed positive number, ¢ and 1) are sufficiently smooth functions.
We prove noval coercive inequalities for solution of nonlocal boundary value problems
(1) and (2) of parabolic type.
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Abstract: This paper investigates a coupled system of time-fractional semilinear
Schrédinger equations with disordered coefficients within a general abstract operator
framework. This setting naturally accommodates variable-coefficient and nonstandard
spatial operators, thereby extending the applicability of fractional Schrédinger models to
heterogeneous media and interacting multi-component systems. Existence and unique-
ness of mild solutions are established using operator-theoretic techniques under suitable
assumptions. A time discretization scheme is constructed and analyzed within the same
abstract framework, applicable to multi-dimensional problems. Numerical experiments
in one- and two-dimensional configurations, involving variable-coefficient operators and
various nonlinear interactions, confirm the theoretical results and demonstrate the ro-
bustness of the proposed method.

Keywords: Time-fractional Schrodinger equations, mild solutions, operator framework,
semilinear systems, numerical discretization
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Abstract: The advection-diffusion equation provides a fundamental mathematical
framework for describing essential transport processes, including natural gas transport
in pipelines and environmental fluid flow |1]. In this study, stability estimates for the
advectiona “diffusion equation are derived [2}3]. Rothe and Crank-Nicolson finite differ-
ence schemes are constructed [4}/5], and their stability properties are established through
rigorous theoretical analysis. The results are subsequently extended to one-dimensional
advection-diffusion with nonlocal boundary conditions and involution, multidimensional
advection-diffusion initial-boundary value problems with Dirichlet and Neumann bound-
ary conditions. The derived stability estimates do not impose restrictions on the ratio
of the temporal and spatial step sizes, thereby providing robust performance over a
wide range of discretization parameters [6,/7]. Numerical experiments are conducted
for two one-dimensional advection-diffusion test problems with Dirichlet and Neumann
boundary conditions [8}|9], and the numerical solutions are compared with the exact
solutions, with errors evaluated in the L2 and C norms. The results confirm the theo-
retical convergence rates, with the Rothe scheme exhibiting first-order accuracy and the
Crank-Nicolson scheme exhibiting second-order accuracy.

Keywords: Advection-diffusion equation, Stability estimates, Difference schemes, Rothe
scheme, Crank-Nicolson scheme, Initial-boundary value problems
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Abstract: We study a nonlinear delayed discrete-time epidemic model with periodic
transmission and a saturation effect. Such models are appropriate when epidemic data
are recorded at fixed intervals and transmission varies seasonally [1,/2]. The model is

anln 2mn
1 1, = — anp =oa |14+ ccos —
W T B, T ( T)’

where I, is the infectious proportion, a > 0 is the mean transmission rate, € € (0,1) is
the seasonal amplitude, T is the period, § > 0 is the saturation parameter, and m > 0

is the delay. The disease-free solution is I, = 0. Set Ry = HZ;& an.

Theorem. The disease-free solution of is locally asymptotically stable if R < 1
and unstable if Ry > 1.

Proof. Let Uy = (un, . .., Un—m) . Since antn/(14Btn—m) = Qnln—0nBlntn—m-+
O(||Un]|®), the delay and saturation terms are absent from the linear part, which is
Up+1 = Qnun. In the (m + 1)-dimensional delayed state space, Up4+1 = AnUy, where
Ap is the lower triangular companion matrix with diagonal (an,0,...,0). Hence M =
Ar_1---Ap has diagonal (Rr,0,...,0), so its Floquet multipliers are Rt and m zeros.
Therefore R < 1 gives local asymptotic stability, R > 1 gives instability, and R = 1
is critical. The delay and saturation parameters do not enter this linear threshold,
although they affect the nonlinear dynamics away from zero.

Keywords: discrete-time epidemic model, seasonal transmission, time delay, saturation
effect, disease-free solution, Floquet multiplier
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Spectral properties and global dynamics of interior fixed
points in four-dimensional tournament Lotka—Volterra
operators
Dilfuza Eshmamatoval, Kamola Solijanova?
1 Tashkent State Transport University, Uzbekistan, and
V.1I. Romanovskiy Institute of Mathematics of the Academy of Sciences of Uzbekistan

24dil@mail.Tu
2 Tashkent State Transport University, Uzbekistan

kamolasolijanova@gmail.com

Abstract: We study the discrete Lotka—Volterra operator
5
(Vz); = z; 1+Zaijxj , i=1,...,5,
j=1

on the simplex S*, where A = (asj) is a real skew-symmetric matrix. The sign pattern
of A determines an associated tournament and the corresponding fixed-point card [1].
We focus on the class of tournaments containing five cyclic triples.

A sufficient condition for the existence of an interior fixed point is obtained in terms

of the principal Pfaffians 61, ..., 05. If they have the same nonzero sign, then
z* = 01,:::,05) erigt
611+ 0

satisfles Az* = 0 and is an interior fixed point.
The spectrum of the Jacobian at z* has the form
o(DV(z*)) = {1, 1 £ 4w, 1 L iwa}.
For wiwa # 0, [1tiwg| > 1, k = 1,2, so the interior fixed point is non-hyperbolic and
is not a local attractor. Lyapunov-type functions are then used to exclude convergence of

generic interior trajectories to z* and to relate their asymptotic behavior to the boundary
dynamics.

Keywords: Lotka—Volterra operator, tournament, cyclic triples, Pfaffians, interior fixed
point, spectrum, global dynamics
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Abstract: We study the geometric structure and directed transitions of an eight-
signature discrete Lotka—Volterra system on the simplex S = {(S,E,I,R) € R* :
S,E,I,R>0, S+ E+ 1+ R=1}. The system is given by

St — g (1 — pE() — cR(M),
EMHD) = g (1 4 b5 — g1 4 fRM)Y,
I+ = 1) (1 4 dE(M) — eR(M),
RD = R (1 4 ¢S 4 eI — FEM),

(1) be,d,e, f>0.

Writing (1) as XZ.(7L+1) = Xl.(") (14-®;(X (™)), we define the signature §(X) = (sign ®1, ... ,sign ®4).
The sign conditions generated by ®1, ..., P4 define eight nonempty regions F; = {X €
S3:8(X) =8;},i=1,...,8. Since Xi(n+1) - Xi(m = X§"><Di(X(">), their common

faces determine adjacency and the signs of ®; determine transition directions. Thus,

the main result is a directed adjacency graph describing admissible trajectory routes.
Following the epidemiological interpretation of discrete Lotka—Volterra systems in [1],

system (1) admits an extended SEIR-type interpretation with the principal interaction

chain S —+ E — I — R and additional immunization and reinfection interactions.

Keywords: discrete Lotka—Volterra operator, signature, adjacency, directed transition,
SEIR-type model.
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Abstract: We consider the following nonlocal boundary value problem with two-point
and integral boundary conditions for a system of hyperbolic equations in the domain
Q= [0.7] 0.1

(1) Rtx = f(tzx»z(ta (E)),
T
(2) Mr20.0) + [ ({0 de+ Bix(T,0) = p(a), @€ (0,1,
0
1
3) Aa2(t,0)+ [ ml@)a(t.a)do+ Bas(t,) = (o), t€[0.7]
0
where z(t, z) = z1(t, ), 2z2(t, x), . . ., 2n(t, ) is the unknown n-dimensional vector-function.

f: QXR™ = R", p(x), ¥(t) are differentiable n-dimensional vector functions defined on
the segments [0, 7], [0,!]. The functions n(t), m(z) are n X n matrix-valued functions,
Ajq,Ag, By, By € R"*™ are given matrices with A = A; + By + fOT n(t)dt, det A # 0
and B = Az + By + fé m(z) dz, det B # 0.

By applying the Banach’s contraction mapping principle, sufficient conditions for

the existence and uniqueness of a solution to the boundary value problem (1)—(3) are
obtained.

Similar problems have been considered in [1].

Keywords: non-local boundary value problems, integral and two-point boundary con-
ditions, Goursat-Darboux problem, existence and uniqueness.
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On the numerical solution of an inverse source problem
by model order reduction
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Abstract: In this study, an inverse time-dependent source problem for a linear par-
abolic equation arising in numerous practical applications involving diffusion and trans-
port phenomena is considered. Typical examples of such problems aim to reconstruct the
unknown time-dependent heat source in heat conduction processes, the temporally vary-
ing pollutant emissions in environmental monitoring, the atmospheric emission sources,
etc. by using some direct observations. The derivation of numerical solutions of such
a problem in high-dimensional spaces leads a huge computational cost. Taking into
account that it may be necessary to obtain numerical solutions several times in some
cases, it is a crucial task to reduce the computational cost, while preserving the accuracy.
Motivated by this, for the numerical solution of the considered problem, we propose a
model order reduction method by proper orthogonal decomposition |1}2]. In the method,
finite difference method is implemented. Particularly, the time discretization is carried
out by the implicit Euler’s difference scheme. From the theoretical point of view the
convergence rate of the method is deduced. The theoretical results and efficiency of the
proposed method are illustrated by testing the method on a typical model problem.

Keywords: Inverse source problem, model order reduction, proper orthogonal decom-
position
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Comparison principle for a nonlocal fractional diffusion
problem
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Abstract: In this paper, we study an initial-boundary value problem for a nonlinear
time—space fractional diffusion equation in a smooth bounded domain 2 C R™. The
equation involves the Caputo fractional derivative D4 of order o € (0,1) (see [1]), the
fractional p-Laplacian (—A)$, and the nonlinear reaction terms ~|u|™ tu + plu|7™2u,
where s € (0,1),p>2,m>0,q¢>1, and v,u € R.

The problem is equipped with the initial condition u(x,0) = uo(z) and the nonlocal
Neumann-type boundary condition ./\/';u = 0in R™\Q, where ./\/Zf is defined by a nonlocal
integral flux operator.

Using elementary algebraic inequalities, we establish a comparison principle for dif-
ferent ranges of the parameters «, p, m, and q. Based on this principle, we classify the
finite-time blow-up of solutions and the existence of global weak solutions.

We also note that the corresponding problem with a Dirichlet boundary condition
was studied in [2].

Funding: This research is funded by the Science Committee of the Ministry of Science
and Higher Education of the Republic of Kazakhstan (Grant No. AP23486342).

Keywords: parabolic equations, nonlocal operator, polynomial nonlinearity comparison
principle.
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On an inverse problem for the Poisson equation with an
even source term
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Abstract: An inverse problem for the Poisson equation in the unit disk with an even
source term depending only on the angular variable is considered. The problem consists
in determining both the solution of the equation and the unknown source term from the
Dirichlet boundary condition and an additional Neumann boundary condition. The pro-
posed method is based on the decomposition of the solution into even and odd parts with
respect to the angular variable, reducing the original inverse problem to the sequential
solution of two auxiliary problems, which are solved by the Fourier method. Theorems
on the existence and uniqueness of generalized and classical solutions are established.

Problem formulation. Consider the unit disk
Q={(r6):0<r<l,0<6<2n}, ' ={(r,0):r=1, 0<6 < 2rm}.

Determine a pair of functions u(r,6) and f(6) satisfying the Poisson equation

(1) —Au(r,6) = £(0),  (r,6) €.
The Dirichlet boundary condition is specified on the boundary of the disk:
(2) u(1,0) = 7(0), 0<6< 2.

As an additional condition, the Neumann boundary condition is imposed on the upper
semicircle:

(3) %(1,9):1/(9), 0<0<m.

The function 7(0) is assumed to be 2w—periodic. Moreover,

() = f(2r —0), 0<6<2r.

Theorem 2.1. Let
T e C3ED), v e C?teo, ], 0<e<1
and let the conditions
V' (0)=v'(m) =0
hold. Then problem (1)-(3) has a unique classical solution satisfying
u € C*e(Q), feCeD).

Theorem 2.2. Let
T € WE(T), v € Wi l0,n].

Then problem (1)-(8) has a unique generalized solution satisfying
weW3(Q),  fe L)

Keywords: Poisson equation, inverse problem, Sobolev spaces, Holder spaces
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nonlocal perturbation of boundary conditions
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Abstract: This report is devoted to a spectral problem for a multiple differentiation
operator with an integral perturbation of boundary conditions of one type which are
regular, but not strongly regular:

(1) l(u) = —u () = du(z), 0 <z <1,

1
(2) Ui (u) = u'(0) —/O p(z)u(z)dz =0, p(z) € L2(0,1),
(3) Uz (u) = u(0) — au(l) = 0.

Here a # 0 is an arbitrary complex number.

The unperturbed problem (p(z) = 0) has an asymptotically simple spectrum, and its
system of normalized eigenfunctions creates the Riesz basis. We construct the character-
istic determinant of the spectral problem with an integral perturbation of the boundary
conditions. The perturbed problem can have any finite number of multiple eigenvalues.
Therefore, its root subspaces consist of its eigen and (maybe) adjoint functions. It is
shown that the Riesz basis property of a system of eigen and adjoint functions is stable
with respect to integral perturbations of the boundary condition.

Throughout this note we mainly use techniques from our works [1].

Keywords: Riesz basis, regular boundary conditions, eigenvalues, root functions, spec-
tral problem, integral perturbation of boundary condition, characteristic determinant
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Abstract: In this paper, we define anisotropic Morrey-type spaces and consider the
Riesz-type potential operator acting in them.

Let k € Z and denote by G}, the set of all cubes in R? of the form [0, 2F)? + 2Fm,
m € Z.

Assume k = (k1,...,kq), 7 = (n1, ..., ng), Gy, be the set of cubes in R, G = {Q =
Q1 X - XQq: Q; € le} R?" =R™ X --- x R, T = (z1,...,2q), T; € R, i=1,d

Let p = (p1,-Pd)> 4 = (q1,-,4a); A = (A1,.-,Aq) such that 0 < p; < oo,
0 < q < 00,0 < A < oco. The anisotropic Morrey-type spaces Mlg\ are defined
as the set of all Lebesgue measurable functions f € L%OC(]Rﬁ) for which [[fl,,x =

b

SUPgezd (2*< ) SUPQeG; ”f”Lz;(Q)) < 00.

Let § = (61,...,0q), & = (n1,...,nq), 6; < ng, i = 1,d. Consider the Riesz-type
potential operator I5f(z) = f]RW %d@. The following theorems holds. Let p =
(P15 5pa)s @ = (q15---,4a), X = (M1,..,0a), 6 = (61,...,64), ¥ = (V1,---,7a),
n=(ni,...,nq).

Theorem 1. Let1<p¢<qi<oo,0§)\i<7ql—z,5¢=%—%,i:m. Then Ij is
bounded from Mg‘ to Mé\‘

Theorem 2. Let1<pi<qi<oo,1§)\i<%,0§)\i<%,O§%<%,

Niqi = ViDi, 0; = Ni + % - %, i=1,d. Then I5 is bounded from Mg/to M;.
Keywords: anisotropic Morrey space, Riesz-type potential operator
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Abstract: Fractional Fredholm integro-differential equations arise in many mathe-
matical models involving memory, hereditary effects, and nonlocal interactions. Their
numerical treatment is challenging because fractional differential operators and Fred-
holm integral terms act simultaneously on the unknown solution. In this work, a new
non-polynomial fractional hyperbolic spline method is proposed for the numerical solu-
tion of Caputo fractional Fredholm integro-differential equations. The spline combines
fractional-power terms with modified hyperbolic basis functions and is constructed lo-
cally on a uniform partition. Six interpolation conditions are imposed on each subinterval
to determine the spline coefficients, while a sequential Caputo fractional continuity con-
dition is used to connect adjacent spline segments. The resulting relations lead to a
compact matrix formulation for the numerical scheme. The local coefficient matrix is
shown to be nonsingular for sufficiently small mesh sizes, which guarantees unique de-
termination of the local spline coefficients. In addition, the reduced discrete formulation
is shown to be well posed, and a convergence analysis establishes uniform convergence
of the spline approximation as the mesh size tends to zero. Numerical examples with
known exact solutions are used to assess the method. The computed maximum absolute
and root mean square errors decrease consistently under mesh refinement, confirming
the accuracy and reliability of the proposed approach. The results indicate that the frac-
tional hyperbolic spline provides an effective framework for the numerical approximation
of fractional Fredholm integro-differential equations.

Keywords: Non-polynomial fractional spline, hyperbolic spline, fractional Fredholm
integro-differential equations, Caputo fractional derivative, numerical approximation,
convergence analysis
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accuracy difference schemes for third order delay partial
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Abstract: In this paper, first and second order of accuracy difference schemes are
developed for solving a third order delay partial differential equation with involution.
Ilustrative numerical results are presented to demonstrate the accuracy and effectiveness
of the proposed schemes..

Throughout this note we mainly use techniques from our works [1].

Keywords: Keywords: Time delay, third order partial differential equations, first-

and second-order difference schemes
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Abstract: We develop a pathwise Fourier-continuation framework for Bermudan
and American option pricing. The method combines randomized quasi-Monte Carlo
path simulation, sinh-accelerated Fourier inversion, and type-3 nonuniform FFT evalua-
tion so that, at each exercise date, continuation values are computed from the one-step
characteristic function directly at the simulated states. This replaces the regression fit in
least-squares Monte Carlo by a transform-based conditional expectation while retaining a
simulation architecture. The framework is formulated for one-factor exponential models
with explicit one-step characteristic functions; the continuously monitored barrier treat-
ment considered here is specific to geometric Brownian motion, where a Brownian-bridge
survival correction is applied in log space without changing the Fourier continuation step.

Numerical experiments recover standard GBM American-put benchmarks accurately,
show competitive bias and RMSE relative to polynomial and Laguerre-basis LSMC on
representative cases, and demonstrate the continuation machinery under a pure-jump
CGMY model. For continuously monitored up-and-out puts under GBM, the barrier
extension gives prices in close agreement with published benchmark values.

Keywords: American options; Bermudan options; Fourier continuation; nonuniform
fast Fourier transform; randomized quasi-Monte Carlo; sinh acceleration; barrier options;
CGMY model.
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Abstract: Positivity of linear differential operators in Hilbert and Banach spaces is a
fundamental concept in the analysis of partial differential equations (PDEs). In Hilbert
spaces, positivity is defined using the notion of an inner product. This concept can
be generalized to Banach spaces, where an inner product is not available. However,
establishing positivity in Banach spaces is technically more challenging than in Hilbert
spaces [1].

The main goal of this work is to establish sufficient conditions for the positivity of
the second-order linear differential operator

(1) Av = —av”(z) + B’ (z) + dv(z), O0<z <1,
where «, 8, and § are positive constants, with domain
(2) D(A) = {y v e C@(0,1); v(0) = v(1) = o} .

The positivity is considered in abstract Banach spaces. The obtained result can be ap-
plied to the theory and analysis of various initial-boundary value problems for parabolic
PDEs.

Keywords: Linear differential operator, positive operator, Banach spaces
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Abstract: Two types compact four-step difference schemes of eighth-order of ap-
proximation for the numerical solutions of local and nonlocal boundary value problems
for fourth-order differential equations with dependent coefficients are studied. These
these difference schemes are generated by a new Taylor decomposition on five points [1].
The theoretical statements for the solution of these difference schemes are supported by
the results of numerical experiments. The main goal of this work is to establish sufficient
conditions for the positivity of the second-order linear differential operator.

Keywords: Taylor’s decomposition on five points, local and nonlocal problems, differ-
ence schemes, approximation, numerical experiments.
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Abstract: In this paper, generalized Jacobi elliptic functions dn w(z)— delta-amplitude
are applied to the construction of particular solutions of certain classes of elliptic sys-
tems of partial differential equations of second order on the complex plane C with
Cauchy-Riemann operators 20z = 0z + 10y, 20, = 0p — 10y, and the Bitsadze op-
erator 46%2 =40:(05) = 92, — agy + 21'892@, where the variables z =z + iy, Z=x — 1y
are independent.

The function w(z) is a quasi-periodic homeomorphism of the Beltrami equation
wr—qw; =0, |g|#1,
satisfying the condition
w(0) =0, w(z+hj)=wl)+1, j=12,
where Im(ha/h1) # 0, Im(r2/7m1) # 0.

The function w(z) quasiconformally maps any parallelogram Q with vertices zo, 20+
hi, zo+hi+h2, 2o+ h2 onto a quadrilateral Q' with vertices w(zo), w(z0)+71, w(z0)+
T1 + T2, w(20) + 72, and for |g| < 1 the orientation of the boundaries of Q and €’ is
preserved.

Keywords: solution of equations, modulus of elliptic function, Jacobi elliptic functions,
analytic function.
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Abstract: This report is devoted to the inverse recovery problem of the coefficient ¢(y)
and solving u(z,y) from the equation

(1) —Au(z,y) + c(y)ule,y) = f(z,y), (z,y) €QC R?,
with Robin’s condition

o
(2) (@) = —a(@ v)u(e,y) + 9(z,y)

and additional data
(3) uJ o0 = U(I,y), (.’b, y) € aQ

The uniqueness theorem of the solution of the inverse problem is proved. A finite-
difference scheme and an iterative gradient algorithm based on the sequential solution
of direct and adjoint problems are constructed. The results of numerical experiments at
different noise levels in the input data are presented. The numerical algorithm is based
on the approach described in [1].

Authors M. A. Sultanov, Y. Nurlanuly and B. T. Sarsenov were financially supported
by the Science Committee of the Ministry of Science and Higher Education of the Re-
public of Kazakhstan (Grant No. AP23487362).

Keywords: coefficient inverse problem, Poisson equation, Robin boundary condition,
finite-difference method, adjoint problem, gradient method.
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Abstract: This paper considers the inverse problem of simultaneously recovering the
fractional order o € (0, 1) and the time-dependent source factor p(t) in a boundary-value
problem for the subdiffusion equation with a Dirichlet Laplacian. The overdetermination
condition is defined by the scalar product (u(t),®)x for 0 < ¢t < T, where ¢ € D(A) is
an arbitrary fixed element.

Uniqueness is established independently of the specific form of the initial function.
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On a class of a loaded overdetermined system of
second-order differential equations with regular coefficients
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Abstract: We consider a system of two loaded differential equations: one linear second-
order hyperbolic equation and one first-order differential equation with regular coeffi-
cients. Under certain conditions on the coefficients of these equations, we obtain a rep-
resentation of the variety of solutions via two arbitrary constants and prove the unique
solvability of the initial value problem.

Key words: overdetermined system, solution manifold, parallelepiped, weak singu-
lar coefficient.
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Abstract: This report is devoted to constructing a concrete approximation operator
for multivariate functions. The functions can be written as the Fourier—Haar series and
their Fourier—Haar coefficients decay rapidly. We call a set of such functions a Haar
wavelet space. We show that the classical Besov and Sobolev spaces with a dominant
mixed derivative is continuously embedded into the Haar wavelet space. Thus, the
approximation operator can be applied to Besov and Sobolev spaces.

We also investigate the convergence rate of the approximation operator for the Haar
wavelet spaces. Due to the embeddings of the Besov and Sobolev spaces with a dominant
mixed derivative we also receive the convergence rate for these spaces.

Keywords: multi-dimension, function approximation, Besov space, Sobolev space.
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Abstract: This report is devoted to the discreteness of the spectrum and its bound-
edness from below for a high-order one term difference operator with arbitrary positive
coefficients.

Let n € N. Let p = {p}r—y, v = {vk}ro, be positive real number sequences.

Let us consider the symmetric difference expression

A" (p A"y,
Wpyn = (—1)"(7)7
Vg

where Ayg = yr1— Uk, BDyr = Yk —Yr—1, A"yr = A(A" y,), A = yp, k € Nand
similarly for A™yy.

Let N € N, and Ey be the set of sequences of real numbers y = {y;} = 5 such that
YN = YN+1 = - = YN4n—1 = 0. Let E?N C En and for any y € EN there exists a
number M (y) € N such that y;, = 0 for all £ > M(y).

Let N(N) = {k € N: k > N} and l2 , be the Hilbert space of sequences f = {fr}r—,
with an inner product (f,9)2,0 = >272¢ figivi, f,g € l2,», and with norm | fll, , =
1
(Senwlnil?) .
We determine the following operator L, i, with domain D(Ly,ipn) = E°N

A" (pp A yy)
Vg ’

Lminyk+n = lyk+n = (_1)n Yy € D(Lmin)7

where outer A" = A",

The operator L,y is symmetric in the space l2,,. Denote its closure in I3, by Lnin.
It is known that all self-adjoint extensions L of the operator L,,;, have similar spectral
properties.

Here, we investigate the discreteness of the spectrum of the operator L and its bound-
edness from below. According to the terminology introduced in [1], this property is called
the BD property.

Our main result reads as follows.

Theorem 1. The operator L has the BD property if and only if

) i sup Z o1 [0 _j)mft)}z i Uk () [(k = 5)(t—1)]2 -0
k=s

N*}OOSZNJ_:N
forallt =1,2,...,n, where k() = k(k—1)--- (k—i4+1).

Keywords: difference operator, spectral properties, BD property, roundabout theorem,
variational method.
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Abstract: This paper investigates a finite multipoint nonlocal boundary value problem
for a third-order differential equation in a Hilbert space. Assuming that the govern-
ing operator is self-adjoint and positive definite, we derive an explicit condition on the
multipoint coefficients that guarantees the bounded invertibility of the operator associ-
ated with the nonlocal conditions. This result allows the solution to be represented by
means of cosine and sine operator functions. Using this representation, we prove the
existence and uniqueness of the solution and derive stability estimates with respect to
the given data. The proposed formulation extends earlier single-point nonlocal problems
to a finite multipoint setting, allowing several temporal evaluation points and their cor-
responding coefficients. The abstract results are then applied to one-dimensional and
multidimensional third-order partial differential equations subject to periodic, Dirichlet,
and conormal boundary conditions. These applications demonstrate the direct applica-
bility of the operator-theoretic results to several classes of evolution problems.

Keywords: Third-order partial differential equations, multipoint nonlocal boundary
conditions, stability estimates, cosine and sine operator functions, operator methods,
Hilbert spaces.
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Abstract: The aim of the work is to construct a solvability theory (invertibility, separa-
bility, resolvent compactness) and to obtain sharp two-sided estimates for the s-numbers
and eigenvalues of the operator Lu = k(y)uzz — uyy + b(y)us + g(y)u on the cylinder
w = ||z|| £ 7,y € R with periodic conditions in z, where k(y) is an arbitrary piecewise
continuous (including oscillating) function and b(y), ¢(y) are unbounded as |y| — oco.

The continuous invertibility of L + pul is proved, and its resolvent is represented
as a series over the resolvents of . Under slow-variation conditions on b, ¢ and the
relation q < Cpb?, separability of the operator is established. A compactness criterion
for the resolvent is obtained. A two-sided estimate for the counting function N(\) of
singular numbers is derived in terms of the level-set measures of Qn(y), Kn(y). For a
model example (k(y) = sin(e'1¥]), b(y) = q(y) = |y| + 1), explicit power-type two-sided
s-number estimates are obtained, and, via Weyl’s inequality, eigenvalue estimates.

Throughout this note we mainly use techniques from our works [1].

Keywords: Invertibility, separability, compactness of the resolvent, eigenvalues, s-
numbers, two-sided estimates
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Abstract: Let I = (0,00) and the functions v, u are positive almost everywhere,

locally integrable on the interval I. Let 1 < p,q < oo and p’ = ﬁ. Let us de-

note by Lq» = Lg(v,I) the set of functions f measurable on I for which ||f|lq,0 =

0 q
(f \f(:p)|qv(m)dm) " < co. Let W is a positive, strictly increasing and locally abso-
0

dW (z)

lutely continuous function on the interval I. Assume —

z € I. We consider the operator T, g, where a > 0, 8 > 0:

i (v She)”
To,pf(x) = b/ W) - W(s)ia u(s)f(s)dW(s), z € I.

= w(z), for almost all

Theorem. Let 0 < a < 1,0< g<p < o0, p> i and 8 > 0. Let the function u be
nonincreasing on I. Then the operator T, g is bounded from Ly . to Lg,. if and only if

o / 2 a(p—1)
p—aq
Bag = / /Wp/ﬁ(s)up/(s)w(s)ds X
0 \0
oo L T
X /v(m)W‘I(O‘_ﬁ_U(w)da: wae=8=1 (2)y(2)dz < o0,

z

and ||Tw, 8|l = Bq,s, where || Ty gl is the norm of the operator Ty, g from Ly o to Lg v.
Keywords: Boundedness; Weight function; Logarithmic singularity
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